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Abstract

This note studies the relationship between population movement
and a government’s long-term fiscal health. It uses an equilibrium
model with dynamic optimization to investigate a situation in which
a government repays its fiscal liabilities using tax revenues. The focus
is on an upper bound of fiscal liability, which is compatible with a
No-Ponzi-game condition. The investigation deals, in particular, with
how the upper bound depends on population size, population growth
rate and primary fiscal balance per person.
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1 Introduction

The sustainability of public debt has been a hot topic for a long time. In
his seminal work, Domar (1944) focused on a condition for public debt to
be sustainable: public debt should not grow faster than GDP. Recently,
Greiner (2007, 2008a) used endogenous growth models with infinitely lived
consumers. In his 2007 paper, Greiner introduced public capital as a produc-
tion factor and conducted a simulation to investigate how a public financing
investment influences the economy. Greiner’s 2008a paper took into account

*T would like to thank Bernd Genser, Makoto Yano, and two anonymous referees for
their useful comments and suggestions.



a school for accumulating human capital. A government’s expenditures for
educational investment were financed by tax revenues and public deficit.
Greiner assumed in both papers that the ratio of surplus to gross income
linearly depends on a debt income ratio. That assumption, as demonstrated
by Bohn (1998), assures that public debt is sustainable. Using a fixed budget
deficit to GDP ratio, Bréauninger (2005) explored the relationship between
a deficit ratio and growth rates within an endogenous growth framework
with overlapping generations. He demonstrated that if the deficit ratio un-
expectedly increases, then the growth rate will gradually decline. Building on
Brauninger’s work, Yakita (2008) took public capital formation into account.
Brauninger and Yakita showed that a threshold level exists. If public debt
is greater than the threshold level at the initial time point, it is no longer
sustainable. According to Yakita, the threshold level positively correlates
with public capital. In these theoretical studies, however, the relationship
between population growth and public debt sustainability is not investigated.
Greiner (2007, 2008a) and Yakita (2008) assumed that population size is con-
stant over time. Brauninger (2005) adopted AK technology, and population
size did not play a decisive role with respect to assessing the sustainability
in his model.

The main purpose of this note is to reveal how population growth rates
affect a government’s long-term fiscal health by using a dynamic equilibrium
model with long-term optimization. Many developed countries are experi-
encing population declines. Because decreasing populations may result in
lower tax revenues in the future, it is critical for governments to recover
population growth rates and population size itself to maintain a healthy fi-
nancial standing. Although economists and policy makers in such countries
have sought measures aimed at raising fertility rates, such countermeasures
may have large costs. Given tight budgetary constraints, it is necessary for
government officials to carefully assess benefits of recovering fertility rates.

The condition of not being in debt in the future is logically equivalent to a
No-Ponzi-game (or pyramid scheme) (NPG) condition. This study derives an
upper bound of public debt that is compatible with a dynamic general equi-
librium (DGE) and NPG condition. That attempt was conducted by Greiner
(2008b). (Please refer to Section 3.2 in his paper (2008b).) Greiner performed
a general study and did not rely on a specialized model. Concentrating on
a specific model, the present study explicitly reveals how the upper bound
depends on population size, population growth rate and primary fiscal deficit
per person. Furthermore, the following questions are theoretically examined:



(a) When a population growth rate declines slightly, to what extent does
a government need to increase public surplus to sustain a NPG condition?
and; (b) To what extent should population size be enlarged to sufficiently
compensate for a declining fertility rate? These are important questions for
economists and policy makers in many developed countries (e.g., Italy, Ger-
many and Japan) that are suffering from both a declining population and a
fiscal crisis.

This note is based on a broad range of studies. Since Solow (1956), many
studies on standard growth theory have examined the population growth.
Barro and Becker (1988, 1989) treated population growth rate as an en-
dogenous variable with sound micro-foundations. Benhabib and Nishimura
(1989) showed that the Barro-Becker models can produce an endogenous cy-
cle of population size. This contrasted with the original Barro-Becker models
in which the stationary state is strictly stable and the equilibrium path is
immediately trapped in the stationary state.

Yano (1984, 1998) and Kondo (2008) analyzed DGE models with many
heterogeneous consumers; however, population growth and public debt sus-
tainability were not considered. The reason was these researchers were pri-
marily concerned with turnpike properties; that is, an equilibrium path will
be trapped in a small, steady state area independent of initial conditions.
This note assumes, for simplicity, that a decline in the population growth
rate is exogenously given and that consumers are homogeneous. It aims to
highlight the significant effects of a slight change in population growth rate
on the long-term fiscal health of governments.

Neumeyer and Yano (1995) was among the first pair of researchers to
make use of a NPG condition to analyze a monetary DGE model and the
effects of monetary and fiscal policies beyond a national border. However,
this team did not explicitly derive the condition of initial debt compatible
with a NPG condition. Kondo (2007) studied the upper bound of a govern-
ment’s fiscal liabilities in a closed economy version of the Neumeyer-Yano
model. Kondo and Kitaura (2009) theoretically investigated how deflation
affected the upper bound in relation to a government’s fiscal policy. How-
ever, Neumeyer and Yano and Kondo and Kitaura did not consider changes
in population size.

Many empirical studies have investigated whether public debt is sustain-
able. These include studies of the United States by Hamilton and Flavin
(1986) and Japan by Fukuda and Teruyama (1994), Thori et al. (2001) and
Broda and Weinstein (2005). Greiner, Koeller and Semmler (2006, 2007)
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conducted such studies for various countries. However, these empirical stud-
ies did not focus on a theoretical relationship between the upper bound and
demographic changes.

This note proceeds as follows. The following section builds a base model
for the research. Section 3 proposes a set of assumptions on which this study
hinges and derives an equilibrium path. The NPG condition is defined and
explicitly derived in Section 4. The main analysis of this note is placed in
Section 5. Finally, Section 6 provides concluding remarks.

2 Model

Consider a dynamic economy with discrete time points indexed by ¢t =
—1,0,1,--- . The period between time ¢t — 1 and t is called period t. Here,
there are many identical consumers and a government. The population size
at period t is Ny, and the population growth rate is 1 +n = N;/N; ; for
t=0,1,---. The government imposes a lump-sum style tax 7, that is in a
consumption good form on every consumer, and provides an interest-bearing
bond BY.! The bond generates an interest rate of 1+ r; from the period ¢ to
t + 1. The consumers and the government transact goods for consumption
and bond at each period.

The representative consumer in period ¢ may have 1 + n brothers or
sisters. The number of this consumer’s children is also 1 +n. In this setting,
the (gross) population growth rate in our model economy is 1 + n. The
representative consumer inherits a bond asset b;_;/ (1 +n) at time ¢ — 1
from her parents and transfers b; to her children. The consumer receives a
consumption good endowment 1;, consumes it ¢; and pays a tax 7; to the
government. Budget constraints are given by

bi—1
14+n’

The consumer living in period ¢ obtains utility over her consumption ¢; (> 0)
and her children’s welfare with a discount factor 5 € (0, 1/(1+n)). A
period-wise utility function is represented in the log-form. Hence, the utility
level of the consumer in period t is

Ug=loge,+ B - (14 n) Up, (2)

! Briuninger (2005), Greiner (2007, 2008) and Yakita (2008) adopted an income tax in
their models instead of a lump-sum tax.

be <yr—Ti—c+ (1 +ri) t=0,1,--. (1)




where Uy, is the utility level of the representative consumer in the period
t+ 1.2 The behavior of the representative consumer living in the initial time
period 0 is summarized as the following maximizing problem:

(e ¢]

max [B(1+n)]"loge, (3)
{Ctrbf}f?io t=0

s.t. Equation (1)
given {ri},> ,, b4

The government sets up a stream of policy variables { BY, 7y, g;} , where
g: is a level of spending per person. Total tax revenue is T, = N;7; and total

government spending is Gy = N;gy, t = 0,1,---. The government must be
subject to flow budget constraints
Bf:Gt—E‘f’(l‘f‘Tt_l)Bfil, t:O,l, (4)

The market clearing conditions are as follows:
Niey + Gy = Nyyi; Nib, = BY; t=0,1,---. (5)

A time stream of price and allocation of resources in the economy is de-
termined so that (5) is satisfied. Although the bond market’s clearing con-
ditions are redundant according to Walras’s law with an initial condition
B?, = N_1b_, this study focuses on the time evolution of an outcome from
the bond market.

3 Equilibrium Path

This section explicitly derives the equilibrium path. (See Lemma 1.) Public
debt dynamics are especially focused on in this research. Based on results
here, the next section will characterize a condition for the public debt dy-
namics to satisfy a NPG condition.

First, note that the necessary conditions of the consumer’s optimization
problem (3) yield

L _B(4r),  t=0,1,---. (6)

Ct

To solve the equilibrium, the following assumptions are made.

2Because Briuninger (2005) and Yakita (2008) use overlapping generations models, the
altruistic preference beyond generations is not considered.



Assumption 1. y;/yi-1 = g1/9e-1 = T¢/Te-1 =1+ 0 for t =0,1,--- .
Assumption 2. 0<g 1 <71 <y ;.

The primary concern of this note is the effects of population growth rate
on a government’s long-term fiscal standing. Therefore, other conditions—
e.g. the growth rate of government spending, tax levies and productivity—are
fixed for the sake of simplicity.® As a direct result, the GDP at the period ¢
can be simply expressed as

Y; == (1 + n)tJrl (1 + 9)t+1 N,lyfl. <7)

The remainder of this note demonstrates that the sustainability of public
debt is influenced by population growth rate 1 + n, though the growth rate
of the primary fiscal balance per person (741 — gi41)/(7¢ — g¢) is assumed to
be constant at the rate 1 + 6.

Given policy parameters (7_1,¢_1), initial conditions (r_;,b_1) and a per
person production level y_1, all endogenous variables in the equilibrium are
determined.

Lemma 1 FEndogenous variables along the equilibrium path satisfy the fol-

lowing:
Wea = W40 a—g (B Len=1rt
) .
(©)Bf = |> %)J (14 n) (L+0) 7| Noa(ga —74)
=0
t
n %) (147.) B,

fort=0,1,---.

Proof. (A) follows from (5) and the assumptions above.
(B) immediately follows from (A) and (6).

3Brauninger (2005) and Yakita (2008) assumed that an increase in public debt B;—B;_{
to GDP ratio is fixed. As a result, the tax rate was determined endogenously. In contrast,
this paper assumes that the tax rate per person is exogenous. Its assumption is similar to
that used by Neumeyer and Yano (1995) and Kondo (2007). In such a setting, the public
debt By is endogenously determined.



(C') Because of flow budget constraints on the government (4), the equi-
librium debt dynamics must be subject to the difference equation

1+6
BY = (14+n)™ (1 +0)™ N (g1 —71)+ ; B, t=12--, (8)
with an initial condition
Bi=(14n)(14+0)N_4(9-1—7-1)+(1+7r_q1)BY,. (9)

Note that 1 + r_; is exogenously given. The desired result is derived from
(8) with (9). =

Note that in the present economy, the long-term interest rate 1+ r (=
1+ 7 = (1+0)/5) is greater than (1+n) (1 + 6) because the condition
(0 <)B < 1/(1+n) is assumed.

4 NPG Condition

This section derives the upper bound of public debt that is sustainable along
the equilibrium path. It reveals the way in which the upper bound depends
on population growth rate (or the total fertility rate) and population size.
(See Theorem 1.) At the outset, the term “sustainability” is formally defined.

Definition 1 The public debt dynamics {B{} is said to be sustainable if the

NPG condition .
1
lim su B <0 10
T—>Eo<t1_[11+7’t1> r= (10)

18 satisfied along an equilibrium path.

The definition of “sustainability” is theoretically appropriate. The reason
is under flow budget constraints (4), the NPG condition (10) is equivalent to
the following budget constraint on the government:

w3 (Tt ) o< 3 (T ) v

=1 =0 ]:



Indeed, the definition (10) has been widely adopted in various studies —e.g.
Hamilton and Flavin (1986), Greiner (2007, 2008) and Kondo (2007).*
By using Lemma 1, the NPG condition (10) can be rewritten as

: Y
1 1 146
«— B < (1+n) {1+ )N_1(T_1—g—1)

T4, 1-8(1+n)

This result is summarized as the following theorem.

Theorem 1 The upper bound of public debt that is sustainable along an
equilibrium path is identified as

B 1 (14+n)(1+0)
Y = 1 +r, 1-B(1+n) N_y(T-1—9-1) (13)

1 1+n
- 1+r_11—6(1+n)N‘1(T°_g°)' (14)

The equation (13) shows how the upper bound ¢ is influenced by the
population growth rate 14n, the initial population size N_; and the primary
fiscal balance at the per person level 7_; — ¢g_1. Although each of these three
factors (1 +n, N_1, 71 — g_1) positively correlates with ¢, the manner in
which each factor affects ¢ is different. The upper bound ¢ is linear both in
N_j and in 7_; — g_1, but it is convex in 1 + n under Assumption 2.

As was noted in the Introduction, the present study may be thought of
as a special case of Greiner’s recent work (2008b). According to Greiner
(2008b), who dealt with a continuous time model, the threshold level of the
initial debt-to-GDP ratio compatible with the NPG condition is given by

Yb crit 0

where m is the constant upper bound of the primary surplus-to-GDP ratio
(T; — G4)/Y:. This is smaller than one because the primary surplus must

m
be financed out of the GDP Y; and where C; (u) = / rsds and Co () =
0

4Briuninger (2005) and Yakita (2008) highlighted the conditions guaranteeing that the
public debt to private capital ratio does not diverge as time elapses.



1% °
/ (YS / Y;) ds. In the present study, the net interest rate r; and growth
0

rate GDP Y, /Y, are constant over time. Their values are r; = (1 +6) /3 —1

and 1./8 /Yy = n+ 6 + nb, respectively. Thus, the right hand side of (15) is
equal to
To — 9o B
w Q+0I-F0+m)]

and

To—go B 1
B_{). . = Noyo.
( 1)cmt Yo 1+61 —ﬁ(1+n) 0Yo

This critical value (B_;),,;, coincides with ¢ in the present study when 1 +
ro1=(1+6)/p.

Next, let me explain roles of productivity growth rates and population
growth rates for the sustainability of the public debt. Although, as shown
in (7), the population growth rate 1 + n and the productivity growth rate
146 contribute to GDP growth in the same manner, how these influence the
upper bound ¢ is markedly different. (See (13) or (14).) Given interest rate
1+ r_1, an unexpected improvement to the productivity growth rate 1 4 6
at the beginning of the period 0 positively affects the upper bound because
it generates additional tax revenue for government. Meanwhile, (14) shows
that an anticipated change of 1 + 6 does not raise the upper bound. High
productivity results in a high interest rate because it implies that future
supply of goods become more abundant relative to current goods supply,
and a high interest rate results in an additional interest payment burden on
government. On the other hand, the population growth rate 1 4+ n does not
affect interest rates. If per person productivity is fixed, a high population
growth rate does not change the value of future goods relative to current
goods. (See Lemma 1-(B).) That is the reason why 1 + n and 1 + 6 affect
the upper bound ¢ differently.

In what follows below, the productivity growth rate 1 + 6 will be fixed,
and (14) will be used instead of (13). The reason is this note highlights
population growth rate, population size and budget surplus in relation to
public debt sustainability.




5 Effects of Demographic Changes

This section investigates the effects of demographic changes on the sustain-
able upper bound of public debt ¢, which was derived in the previous section.

5.1 Marginal Effects and Elasticities

This subsection highlights the relative degrees of dependence of the upper
bound on the net population growth rate n, the population size N_; and tax
increases (or spending cuts) 79 — go. To assess these dependencies, they are
compared with the elasticities of the upper bound.

The marginal effects are calculated using (14):

g_:: T +1r1N1(T° %) 1-p3 (11 + )% (16)
8?\;01 T —1—17"1 (o - g‘”%’ (17)
ﬁ 1 +1r_1 1— 1ﬁJ(r1n+ ) (18)
The elasticities are as follows:

g_ig - CTwa AT (19)
el R )

With (19) and (20), the following holds
R G e T

= ' Z1l+n = iig§1+n,

where 1 + 7 (= (14 0) /) is the long-term interest rate.

The elasticity of the upper bound ¢ with respect to the net population
growth rate n depends on the subjective discount factor of consumers 3 and
n itself, while those with respect to N_; and 79 — go are always one. The
condition (21) shows that if the net population growth rate n is relatively
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large in comparison to the ratio of interest rate 1+ and productivity growth
rate 1+ 6, then the upper bound depends more on n than on N_; or 79 — go.

The result obtained in this subsection can be summarized as the following
theorem:

Theorem 2 If (0 <)l +n < \/(1+7)/(1+0) is satisfied, then the upper
bound of the public debt that is compatible with the NPG condition ¢ is more
elastically dependent on the population size N_1 (or the government’s budget
surplus To — go) than the net population growth rate n in the sense that

don op Nov (. 9 (To—90)
on ¢ ON_1 o A(T0—g0) ©

rate. If \/(1+7)/(1+0) <1+n(<(1+7r)/(1+0)) is satisfied, then the
upper bound ¢ is more elastically dependent on the net population growth rate
n than the population size N_y (or 7o — go) in the sense that 222 > 22 N1

on ¢ ON_1 ¢
dp  (T0—go)
(0’” aro-g0) © )°

Policy implications may help to interpret this theorem. As pointed out in
the introduction, a government that attempts to improve its fiscal standing
should assess the benefits of its policy instruments carefully. To raise the
upper bound ¢, what type of policy regime is most effective? Theorem 2
implies that when the net population growth rate n is low, relative to the
ratio of the long-term interest rate and productivity growth rate, then the
government should actively pursue population size N_; enlargement policies
such as immigration or foreign labor policies or try to improve its primary
per person fiscal balance 7o — go. Once the population growth rate recovers
to within the range \/(1+7)/(1+6) <1+n < (1+7r)/(1+0), the gov-
ernment should increase the population growth rate using policies, such as
child-care support or subsidies for childbirth, to effectively raise the upper
bound ¢. The reason why such a reversal occurs is that the upper bound is
convex with respect to 1 + n, while it linearly depends on N_; and 79 — go.

), where 1 4+ r s the long-term interest

5.2 Marginal Rate of Substitution

This subsection investigates the marginal rates of substitution with respect
to the “indifferent curve” of ¢ to answer questions (a) and (b) posed in the
introduction.
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By implicitly differentiating Equation (14), the following holds:

d(T0o—g0) _ To — 9o
o Orm[-B+n) (22)
8N,1 o N_;
o O l—gin) (23)

Suppose that the population growth rate is rectified slightly downward at ¢t =
—1, meaning a reduction in the expected net tax revenue {T; — G;}.° This
loss can be compensated for in two ways: (a) adjust tax (or cut spending)
or (b) increase population size to yield additional tax revenue in the future.
Equations (22) and (23) estimate to what extent the other variables (79 — go
and N_p, respectively) need to be adjusted to avoid the government’s fiscal
bankruptcy.
The following theorem is established:

Theorem 3 Assume that the expected population growth rate 1 +n declines
slightly at the beginning of period 0. To maintain the upper bound ¢ at a
constant level 5 J;,il 17;6171) N_1(T0 — go), two types of measures can be con-
sidered: (a) increase taxes by (1o — go) / (1 +n)[1 — B (1 +n)] or (b) recover

population size by N_1/ (1 +n)[1 — 3 (1 +n)].

6 Concluding Remarks

This note explicitly derives the upper bound of public debt that satisfies a
NPG condition in a DGE model of population growth. Although the issues
examined here are of sufficient interest to economists and policy makers in
the many developed countries experiencing both a declining population and
fiscal crisis, the model used in the present study is somewhat simple. To
obtain more exact guidelines for economic policies, the extensions mentioned
below should be conducted as possible future works.

This note has analyzed public debt dynamics without regard to physical
capital. Although this assumption outstandingly simplifies the analysis, it
is desirable to take capital accumulation into account. How are debt-capital
ratio dynamics compatible with public debt sustainability and influenced by

®The long-term population growth rate is difficult to forecast accurately. Indeed, the
expected total fertility rate has often been adjusted.
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population growth? This presents an interesting research topic. Another
direction for further research is an examination of the relationship between
public debt sustainability and population growth within endogenous growth
settings. Finally, the assumption regarding a lump-sum style tax should be
changed to take account of a real-world complex tax system.
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