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GENERATING ITERATIVE SCHEMES TO LOCATE COMMON
FIXED POINTS OF NONLINEAR MAPPINGS USING
SHRINKING PROJECTION METHODS

ATSUMASA KONDO

ABSTRACT. We introduce iterative scheme generating methods (ISGMs) to
find common fixed points of nonlinear mappings through shrinking projection
methods, leading to strong convergence theorems. These findings extend a
recent study by Kondo [Math. Ann. (2024) (published online)], which only
demonstrates weak convergence. Although ISGMs combined with shrinking
projection methods were explored in a prior study [A. Kondo, Carpathian J.
Math. 40 (2024), 819-840], that work depended on mean-valued sequence

properties. This study develops ISGMs without relying on mean-valued se-
quences, yielding infinitely many strong convergence theorems.

1. INTRODUCTION

Let H be a real Hilbert space equipped with an inner product (-, -) and the
induced norm ||-|]. Let S be a mapping from C into H, where C' is a nonempty
subset of H. Denote by F (S) = {z € C : Sz = z} the set of all fixed points of S. A
mapping S : C — H is termed nonexpansive if ||Sz — Sy|| < ||z — y|| for all z,y €
C. Due to its broad applicability, researchers have widely studied constructing a
sequence approximating a fixed point of a nonexpansive mapping. Recently, Kondo
[20] proved the following theorem:

Theorem 1.1 ([20]). Let C be a nonempty, closed, and convex subset of H and let
S,T:C — C be quasi-nonexpansive (2.5) and demiclosed mappings (2.6). Suppose
that F(S) N F(T) # 0. Let Ppsynr(r) be the metric projection from H onto
F(S)NF(T). Let {an}, {bn}, and {cn} be sequences of real numbers in the interval
[0,1] such that a,+b,+c, =1 for alln € N, lim anpby, >0, and lim AnCr >

A de el

0, where N ={1,2,---}. Define a sequence {x,} in C as follows:

N—> 00

x1 € C: given,
Tnt1 = Gn¥Yn + bn Sz + cyTwy,
for all n € N, where {yn}, {zn}, and {w,} are sequences in C that satisfy the
following conditions:
(L1 Myn —dll < llen —all, [lzn = qll < llzn —gll; and flwn —qf| < |20 — 4]l
forallqe F(S)NF(T) and n € N and

(1.2) Tp—Yn— 0,2, —2, — 0, and 2, —w, — 0.

1991 Mathematics Subject Classification. 4TH05, 47H09.
Key words and phrases. Iterative scheme generating method, shrinking projection method,
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2 ATSUMASA KONDO

Then, the sequence {x,} converges weakly to a point T € F(S)N F(T), where
T = lim,, o0 PF(S)OF(T)xn'

The class of mappings considered in Theorem 1.1 includes nonexpansive map-
pings, as well as more general types of mappings; see the Appendix of Kondo [20] for
further details. In Theorem 1.1, the sequence {z,} is defined with given sequences
{yn}, {zn}, and {w,}, and the required conditions for these sequences {y,}, {zn},
and {w,} are explicitly stated in (1.1) and (1.2). Consequently, many iterative
schemes can be derived from this theorem. For example, consider the following
iterative scheme:

(1.3) Zn = MZn + (1= Ap) Ty,

Yn = Hn2n + (1 = p1y,) Szn,
Tpy1 = AplYn + bnSYn + i Tyn,

where an initial point x7y € C' is provided. The coefficients of the convex com-
binations A, and p,, satisfy A, — 1 and p, — 1, respectively; see Corollary
4.4 in Kondo [20]. It can be confirmed that y, in (1.3) satisfies the conditions
lyn — qll < |llzn — ¢l and x, — y, — 0. Therefore, according to Theorem 1.1, the
sequence {x,}, defined by rule (1.3), converges weakly to a common fixed point
of S and T. The iterative scheme in (1.3) is a three-step scheme; see Noor [27],
Dashputre and Diwan [5], and Phuengrattana and Suantai [28]. By setting A\, =1
for all n € N in (1.3), the two-step Ishikawa iterative scheme is obtained [10]. For
more on the Ishikawa method, see Xu [32], Tan and Xu [31], and Berinde [2, 3].
This method, which generates infinitely many iterative schemes, is referred to as
an iterative scheme generating method (ISGM); see Kondo [17, 18, 19].

In 2003, Nakajo and Takahashi [26] proposed the CQ method and proved a strong
convergence theorem for finding a fixed point of nonexpansive mapping. In 2006,
Martinez-Yanes and Xu [24] extended the CQ method and proved the following
theorem:

Theorem 1.2 ([24]). Let C be a nonempty, closed, and convex subset of H. Let
S : C — C be a nonexpansive mapping such that F (S) # 0. Let {a,} and {8,,}
be sequences of real numbers in the interval [0,1] such that 0 < o, < a < 1 and
B, — 1, where a € [0,1). Define a sequence {x,} in C as follows:

ry=x € C: given,

Yn = Bpan + (1= B,) Swn,

Xn = apzy, + (1 — o) Syn,
Cp=1{heC:|Xn—h|? < |z, —hl?

+ (1= an) (Il = lal® = 2 g =20, b))},
Qn={heC:{x—x,, v, —h)>0}
Tn+1 = Po,no.®
for all n € N. Then, {x,} converges strongly to an element T in F (S), where
T = Pp(s)m.

In 2008, Takahashi et al. [30] also developed the CQ method and established
a strong convergence theorem utilizing metric projections on shrinking sets {C,,},

where {C),} satisfies the condition C,, C C,,—1 C --- C C; = C. This approach is
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referred to as the shrinking projection method. For other related works, see Kimura
and Nakajo [12], as well as Ibaraki and Saejung [9]. In 2023, Kondo [18] applied
ISGMs with mean-valued sequences, such as
(1.4) b i Sk ! Z_:l "

. Tp41l = AnplYn + bn— Zn + cn— Wn s

’ ™ =0 =0

to the CQ and shrinking projection methods and obtained various strong conver-
gence theorems. For iterative methods involving mean-valued sequences, refer to
Shimizu and Takahashi [29], Atsushiba and Takahashi [1], and Kondo [23].

This study establishes ISGMs using the shrinking projection method incorporat-
ing the Martinez-Yanes and Xu method. Through these efforts, we derive numerous
strong convergence theorems. These results enhance Theorem 1.1, which previously
only provided weak convergence. Although ISGMs utilizing the shrinking projec-
tion method and the Martinez-Yanes and Xu method were also explored in Kondo
[19], that study’s findings depended on the properties of mean-valued sequences. In
contrast, as demonstrated in Theorem 1.1, this study develops ISGMs without re-
lying on mean-valued sequences. We explore a broader class of mappings, including
nonexpansive mappings as specific instances.

The structure of this article is as follows: Section 2 provides essential preliminary
information. In Section 3, we establish an ISGM using the shrinking projection
method. Section 4 integrates the Martinez-Yanes and Xu iterative scheme with
the shrinking projection method, further extending the ISGM. Section 5 offers
a comparison between the present study and previous work [19], highlighting the
unique contributions of this research. Finally, Section 6 presents an iterative scheme
derived from the result in Section 3 to demonstrate the broad applicability of the
main findings of this study.

2. PRELIMINARIES

This section introduces preliminary concepts and results. Let H represent a real
Hilbert space. For x,y,z € H and a,b, c € R such that a + b+ ¢ = 1, the following
holds:

(2.1) laz + by + cz|°

2 2 2 2 2
= allz|” + byl + ezl — abllz = ylI” = be |y — ||

—calz— 33||2 ;

see Maruyama et al. [25] and Zegeye and Shahzad [33]. In (2.1), the conditions
a,b,c € [0,1] are not strictly required. However, if a,b,¢ € [0, 1], the following
inequality holds:

(2.2) laz + by + c2||* < alle|* + b ly|* +c 2]

Let I be a nonempty, closed, and convex subset of H. We define Pr as the metric
projection from H onto F, meaning ||[u — Ppul|| < ||u — h|| for allu € H and h € F.
The metric projection Pp is nonexpansive and satisfies

(2.3) lu = Peul® + | Pru — hl* < fu - b

for all w € H and h € F. Let C' be a nonempty, closed, and convex subset of H
with x € H and d € R. Then, a subset D of C' defined by

(2.4) D={heC:0<(z, h)+d}

is also closed and convex; refer to Martinez-Yanes and Xu [24].
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A mapping S : C — H with F (S) # 0 is called quasi-nonezxpansive if
(2.5) 1Sz —q|| < ||z —q| forall z€ C and q € F(S).

The set of all fixed points of a quasi-nonexpansive mapping is closed and convex; see
Itoh and Takahashi [11]. Any nonexpansive mapping that has a fixed point is quasi-
nonexpansive. Denote by x,, — x and z,, — x the strong and weak convergence to
a point z, respectively. Let C' be a nonempty, closed, and convex subset of H and
let S: C — C with F(S) # (). The mapping S is referred to as demiclosed if

(2.6) Zn — Sz, — 0and 2z, — u = u € F(95),

where {z,} represents a sequence in C. Note that it is often said that I — S
is demiclosed when (2.6) holds, where I denotes the identity mapping. The quasi-
nonexpansive and demiclosed mappings include nonexpansive mappings and a broader
category of mappings; for further details, see Appendix in Kondo [20].

In what follows, we assume the existence of a common fixed point for nonlinear
mappings. The following is a simple version of classical results demonstrated in
1965 by Browder [4], Gohde [6], and Kirk [13] in certain classes of Banach spaces:

Theorem 2.1 ([4, 6, 13]). Let C be a nonempty, closed, convex, and bounded subset
of H. Let S,T : C — C be nonexpansive mappings such that ST = TS. Then,
F(S)NF(T) is not empty.

For further developments on common fixed point theorems, see Hojo [7], Kondo
[14, 16], and the articles cited therein.

3. TAKAHASHI-TAKEUCHI-KUBOTA METHOD

This section presents a strong convergence theorem approximating a common
fixed point of two nonlinear mappings. We employ the shrinking projection method
by Takahashi et al. [30]. To achieve this, we can relax a required assumption for
mappings in comparison to (2.6). Let C' be a nonempty, closed, and convex subset
of a real Hilbert space H and let S : C — C with F (S) # 0. Let {z,} be a sequence
in C. Following Kondo [15], consider the following condition:

(3.1) Zn — Sz, — 0and 2z, > u=u € F(S).

Demiclosed mappings (2.6) or continuous mappings satisfy the condition (3.1), and
thus, broad classes of mappings, including nonexpansive mappings, satisfy this
condition (3.1). In the remainder of this article, we will focus on quasi-nonexpansive
mappings (2.5) that satisfy the condition (3.1). In the main theorems presented
below, we assume the following setting:

(%) Let C' be a nonempty, closed, and convex subset of a real Hilbert space H.
Let S,T : C — C be quasi-nonexpansive mappings (2.5) that satisfy the condition
(3.1). Suppose that F(S)NF(T) # 0. Let {an}, {bn}, and {c,} be sequences
of real numbers in the interval [0, 1] such that a,, + b, + ¢, = 1 for all n € N,
lim, 00 apby, > 0, and lim, ,canc, > 0. Let {u,} be a sequence in H such that
up, — u (€ H).

Then, we can prove the following theorem:
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Theorem 3.1. Assume the setting (). Define a sequence {x,} in C as follows:
r1=x € C: given,
Ch=0C,
Xy = anyn + bpSzn + cyTwy,
Cry1={h € Cp: || Xy, — || < [lzn — R},
Tnt+1 = PC,,L+1Un+1

for all n € N, where {y,}, {2}, and {w,} are sequences in C that satisfy the
following conditions:

32 lyn—dl <llen —all, lNzn —all < llzn —qll,  [lwn —gll < llzn — 4
forallqe F(S)NF(T) and n € N and
(3.3) Tp—Yn—0, T, —2, —0, z, —w, — 0,

asn — o0o. Then, {x,} converges strongly to an element @ in F (S)NF (T), where
U = Pp(s)nr(T)U-

Proof. First, we verify the following: (a) C, is closed and convex, (b) F (S) N
F(T) c C, for all n € N, and (c) the sequences {x,},{yn},{zn},{wn},{Xn} in
C, and {C),} are properly defined. We start with the case n = 1.

(i) Given z1 € C; (= C), we can select y1, 21, and w; € C that satisfy (3.2) and
(3.3) for n = 1. For instance, if we set y; = 21 = w; = x1, then both (3.2) and
(3.3) hold. With z1, 41,21, w1 € C, X; and C5 are defined as follows:

Xi=a1y1 + 01521 + cyTwy € C and
Cy={heC:|X1—h| <|zr—nh[}.
As C} is closed and convex, Cs is also closed and convex. Observe that F' (S) N
F(T) C Cs. Choose g € F(S)NF (T)(C Cy) arbitrarily. From (2.5) and (3.2), we
have
[X1 = gll = [laryr + 01521 + c1Twy — ¢
< ayllyr — gll + 01 1Sz — gl + e [ Twr — ¢
< a1y —qll + b1 llzn — gll + ca [lwr — 4
< ay |z —qll + b1 |z — qll + ca [z — g
= [lz1 —qll.
This indicates that ¢ € Cy. Therefore, F' (S) N F (T) C Cy as asserted. As F'(S)N
F(T) # 0 is assumed, it follows that Cy # (). Consequently, the metric projection
Pe, exists and x2 = Po,us is defined.

(ii) Given that xs € Cy (with Cy C Cy = C), we can choose ys, 22, and wy € C
under the conditions provided in (3.2) and (3.3) for n = 2. Then, X, and Cj3 are
defined accordingly:

Xo =agys + 0252 + coTws € C' and
C3 = {h e Cy: HXQ - h” < ||372 - h”}
By the same reasoning as in case (i), we can confirm that Cj is closed and convex
and that F (S)NF(T) C C3. As F(S)NF (T) # 0 is supposed, we conclude that
C3 # (0. Consequently, the metric projection Pg, exists and x3 = Pe,us is defined.
By repeating the same argument, we can establish (a), (b), and (c) as stated.
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Define @,, = Pc,u (€ Cy). The sequence {@, } is contained in C, as C,, C Cj,—1 C
-+ C Cy =C. From u, = Pc,u and F (S)NF (T) C C,, it follows that
(3.4) Ju = < [lu—ql

forall ¢ € F/(S)NF (T) and n € N. This implies that the sequence {@,,} is bounded.

From u, = Pc,u and Up41 = Pg,,,u € Chyq C Cy, it follows that

[ =T || < [l —=Una ]

for all n € N. In other words, the sequence {||u — @,||} (C R) is monotone increas-
ing. As {u,} is bounded, {|ju —u,]||} is also bounded. Therefore, the sequence
{]lu — @, ||} of real numbers converges.

We now show that {@,,} converges in C, meaning that there exists @ € C such
that
(3.5) Uy, — T.

Choose m,n € N such that m > n. As the sequence of sets {C,} is shrinking, it
follows from m > n that C,, C C,. Given that @, = Pc,u and @,, = Pc,u €
Cy, C C,, we obtain from (2.3) that

e =T l* + [T = T |* < e = |

As {||lu — @, ||} converges, it holds that @, — u,, — 0 as m,n — 0o, meaning that
{@,} is a Cauchy sequence in C. As C is closed in the real Hilbert space H, it is
complete. Thus, there exists @ € C such that @, — T as claimed.

We now prove that

(3~6) Ty — U.

As the metric projection P, is nonexpansive, it follows from the assumption u,, —
u and (3.5) that

|2n — || < |z — Un || + |[@n — 7|
= || Pc,un — Pe,ull + [, — |
< |lun — ull + [[a, —al| — 0
as claimed. As {x,} converges, it is bounded. Moreover, from (3.3), we obtain
(3.7) zn —u and w, — T.
Next, observe that
(3.8) 2 — X, — 0.

Indeed, as {z,} is convergent, it holds that z, — z,41 — 0 as n — oo. Given
that 2,41 = Po,,, unt1 € Cnq1, it follows that || X, — zpq1|| < [|20 — 2psa]] — 0.
Therefore, we have

Hxn - XnH S Hxn - xn—i—l” + ||xn+1 - Xn” —0

as claimed. As {x,} is bounded, {X,} is also bounded, according to (3.8).
We show that

(3.9) Yn — Sz, — 0 and y, — Tw, — 0.
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Select ¢ € F (S)NF (T) arbitrarily. As S and T are quasi-nonexpansive (2.5), from
(2.1) and (3.2), the following holds:
2
1 X0 — 4
= ||an (yn - Q) + by, (Szn - Q) +cp (Twn - Q)
= aullyn = al* + b0 [1Sz0 — al* + cu | Twn — gl

_af’nbn ||y’n - Szn||2 - b’ncn ||Sz’n - Twn||2 — CpQnp ||Twn - yn||2

2
|

< ay ||yn,_qu2+bn ||Z7L_QH2+Cn ||wn—Q||2
—anby ||yn — Szn||2 —bpey ||Szn — TwnH2 — cpay || Tw, — ynH2
< anllzn —ql® +bn 2w — all* + cn |z — ql?

—anbn |yn — Sznl® = bncn [|1S2n — Twn||® = cntn | Twn — yul?
= zn—ql?

*anbn ||yn - SZn”2 - bncn ||SZ7, - TwnH2 — CpQp ||Twn - ynH2 .
As bye, ||Szn — Twn||2 > 0, we have

anby |yn — Szul|* + ancy yn — Twn
< lan = gl = X0 — qll?
< (len = all + 11X = al) Hlzn — all = [ Xn = qll]
< (len = qll + [ X0 — al)) w0 — Xall-
As both {z,,} and {X,} are bounded, and from (3.8), along with the assumptions

lim, 00 apby, > 0 and lim, . ..a,c, > 0, we obtain (3.9) as asserted.
Next, we aim to demonstrate that

(3.10) Zn — S2, — 0 and w, — Tw, — 0.
Using (3.3) and (3.9), we have
ll2n — Sznll < |20 — Tull + |20 = ynll + llyn — Sza|| — 0.

The second part of (3.10) can be verified in a similar way. As S and T satisfy the
condition (3.1), according to (3.7) and (3.10), it holds that w € F (S) N F (T).
Finally, we verify that
u (: lim @, = lim :Zln) =1 (: PF(S)HF(T)U) .
Asu € F(S)NF (T) and u = Pp(s)nr(1), it is sufficient to prove that ||u — || <
lu—a|. From uw € F(S)N F(T) and (3.4), it holds that ||ju —a,| < ||u—a].
From (3.5), we obtain ||ju — @|| < ||lu —@l|. Therefore, w = u. Given (3.6), we can
conclude that z, — @ (=w). This completes the proof. O

For the convergent sequence {uy} (C H) in Theorem 3.1, see Theorem 4.1 and
5.2 in Hojo et al. [8]. Setting y, = 2z, = w, = z, in Theorem 3.1 yields the
following corollary, which corresponds to Theorem 4.1 in Kondo [15]:
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Corollary 3.1 ([15]). Assume the setting (x). Define a sequence {z,} in C as
follows:
r1=x¢€C: given,
Cy =C,
X, = apxy + 0,52, + c,Tx,,
Cry1={h € Cp : || Xy, — || < [lzn — R},
$n+1 - PCTL+1UTL+1
for all n € N. Then, {x,} converges strongly to an element © in F (S)N F(T),
where U = Pp(s)nr(T)U-
4. MARTINEZ-YANES AND XU METHOD

In this section, we incorporate the method of Martinez-Yanes and Xu [24] into
the usual shrinking projection method presented in the previous section (Section
3). We prove the following theorem:

Theorem 4.1. Assume the setting (x). Define a sequence {x,} in C as follows:
1 =x € C: given,
€1 =0,
Xy = anyn + 0,52, + ¢, Twy,
Coer = {1 € Cu 1 — BIP < g llgn — B + by 120 — B>+ e e — ]}
Tn41 = Pcnﬂunﬂ

for all n € N, where {y,}, {zn}, and {w,} are sequences in C that satisfy the
following conditions:

41 My —all <llzn —all, Nzn —all < llzn —all s wn —all < [lzn —4qll
forallqe F(S)NF(T) andn € N and
(4.2) Tp—Yn — 0, z, —2, =0, z, —w, —0

asmn — 0o. Then, {x,} converges strongly to an element @ in F (S)NF (T), where
U = Pp(s)np(r)u-

Remark 4.1. See the definition of C,41. It follows that
2 2 2 2
[ X0 — A" < anllyn — bII" +bu |20 — A[I" + cn |lwn — B
(4.3) <= 0<a, ”%L”Q +bn ||Zn||2 +cn HwnH2 - ||XnH2
—2{ayy + bz, + cw, — Xp, h)
() = X = A < g = B2+ b (el = Tl = 220 = g, 1)

2 2
ten (lwall® = llgnll® =2 (wn = ya, b)) -

From (4.4), Theorem 4.1 corresponds to the Martinez-Yanes and Xu type; see Theo-
rem 1.2 in Section 1. Suppose that X, , Yn, 2n, wn € C and a,,b,,c, € R are given.
From (2.4) and (4.3), the set Cp 41 is closed and convez if C,, is closed and convez.
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Proof. At the outset, observe that (a) C), is closed and convex, (b) F'(S)NF (T) C
C, for all n € N, and (c) the sequences {z,}, {yn}, {zn}, {wn}, {X,} (C C), and
{C,,} are defined properly. We begin with the case of n = 1.

(i) Given z; € Cy (= C), we can select y1, z1, and w; € C to satisfy (4.1) and
(4.2) for n = 1. For instance, by letting y; = 21 = wy = 1, those conditions are
fulfilled. With z1,y1, 21, w1 € C, X7 and C5 are defined as follows:

Xi=ay1 + 01821 + eyTwy € C' and
Cy = {heCrillXi—nl* < ailly = Al + by = Bl + e flwn = R}

From (2.4) and (4.3), C3 is closed and convex as C; (= C) is closed and convex.
We verify that F(S)NF (T) C Cy. Let g€ F(S)NF(T)(C C). As S and T are
quasi-nonexpansive (2.5), from (2.2), it follows that

1X1 — gl = larys + 01821 + e Twy — g
= lla1 (y1 — q) + b1 (Sz1 — q) + c1 (Tw1 — q)
<ay|lyr —ql* + b1 1Sz — ql* + e1 | Twr — g

2
|

2 2 2
<arllyr —ql|” + b1 |21 = qlI” + 1 [Jwr =gl

which implies that ¢ € Cy. Therefore, F'(S) N F (T') C Cy as asserted. Given the
assumption that F'(S) N F (T) # 0, Cy is nonempty. Thus, the metric projection
Pe, exists and xa = P, us is defined.

(ii) Given z9 € Co (C Cy = (), we can select yz, 22, and wy € C such that (4.1)
and (4.2) are satisfied for n = 2. With these elements, X5 and C5 are defined as
follows:

Xo = agyo + b Sz9 + coTwy € C' and
Oy = {h €0y | Xo—h|)* < anllys — hl* + b2 |22 — B> + ¢ |Jws — h||2}.

Using the same argument as in case (i), we can demonstrate that Cs is closed and
convex and that F (S) N F(T) C C3. From the assumption F (S) N F (T) # 0,
we conclude that C3 # (). Consequently, the metric projection Pc, exists and
x3 = Pcyus is defined.

Repeating the same analysis guarantees that (a), (b), and (c) are true.

Define u,, = Po,u € C,. As C,, C Cp,—1 C -+~ C C1 = C, {u,} is a sequence
contained in C'. We claim that

(4.5) [ =n ]l < flu—q|

for all ¢ € F(S)NF (T') and n € N, this follows from the definition @, = Pc,u and
the fact that ¢ € F (S)NF (T) C C,. Thus, we can conclude from (4.5) that {@, }
is bounded.

Note that

(4.6) = Tl < o — Ty
for all n € N. As @, = Pg,u and U,y = Pg, ,u € Cyyq C Cy, the inequality
(4.6) follows. This implies that {||u — .||} is monotone increasing. As {|lu — @, ||}

is bounded, it is convergent.
We now prove that {@,} converges in C; that is, there exists w € C such that

(4-7) Uy — U.
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Let m,n € N with m > n. As @, = Pc,u and @,, = Pe,,u € Cy,, C C,, from (2.3),
it holds that

||U - ﬂnHQ + ”ﬁn *EMHQ < ||u *ﬂmHQ-

As {||Ju — @,||} is convergent, it follows that @, — @,, — 0 as m,n — oo. Thus,
{@,} is a Cauchy sequence in C. As C' is complete, there exists © € C such that
U, — u as claimed.

Our next aim is to demonstrate that {x,} has the same limit point, that is,

(4.8) Ty — T

As the metric projection is nonexpansive, using (4.7) and the hypothesis u,, — u,
we obtain

|20 — @l < || — nl| + @0 — |
= |Pc,un — Pe,ull + [[u, — |
S Hun, - ’LL|| + ||an - ﬂ” —0

as n tends to infinity. This shows that (4.8) holds true as claimed. Consequently,
{z,} is bounded. From (4.1), {y,}, {2z}, and {w, } are also bounded. Furthermore,
according to (4.2) and (4.8), we have

(4.9) Zn — u and w, — T.

As {x,} converges, it holds that

(4.10) Ty — Tpy1 — 0.
Next, let us show that
(4.11) X — xpr1 — 0.

As x, 11 = Po,  unt1 € Chyq, it follows from the definition of C),4; that

(4.12) X — mn-&-IH2

an || Yn — $n+1H2 + by || 20 — mn+1||2 +cn |Jwn — $n+1H2

IN A

an ([[yn — Tnl| + |20 — mn+1||)2 +bn (20 — 2ol + |27 — xn+1||)2
+en ([lwn — znll + |l2n — xn+1||)2 .

From (4.2) and (4.10), we can conclude that X,, — 2,41 — 0 as stated. From (4.10)
and (4.11), we have z,, — X,, — 0. As {z,,} is bounded, {X,,} is also bounded.
Observe that

(4.13) Yn — Sz, — 0 and y, — Tw, — 0.
Choose g € F (S) N F (T) arbitrarily. Using (2.1), (2.5), and (4.1) yields
X, — ql®
= lan (Yn — @) + b0 (Szn — @) + cn (Twy _Q)||2
= an|yn — Q||2 + b (|52, — Q||2 + en | Twy, — QHQ

—anpby Hyn - 52n||2 — bncy ||z, — Twn”2 — CpQn HTwn - yn||2

IN

an ”yn - Q||2 + bn ||Zn - q||2 + Cn ||wn - QHQ

*anbn Hyn - Szn”Q - bncn ||Szn - Twn||2 — CpQnp HTwn - yn”2
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IN

an @0 — all* + ba &0 — all* + cn 20 — al®
—anby ||Tyn — Szn||2 —bpen 1Sz, — Twn||2 — cpay | Tw, — yn||2
= lzn —ql?
—nby [[Yn — Sznl|* = bucy [|S2n — Twa||® — cnan |Twy, — yall” -
AS bycy ||Szn — Twy||> > 0, we have
anby |yn = Szul|* + ancy yn — Trwn
< [l — glf* = [ X0 — ql®
< (len = all + X0 = al) Hllzn — all = [ X5 —qll]
< (lzn = all + 1 X0 = gll) ll2n — Xall-

Recall that {z,} and {X,} are bounded and x,, — X, — 0. Thus, we obtain
Yn — Sz — 0 and y, — Tw,, — 0 as asserted.
From (4.2) and (4.13), it follows that

(4.14) zn — Sz, — 0 and w, — Tw, — 0.
As S and T satisfy the condition (3.1), from (4.9) and (4.14), we obtain @ €
F(S)NnF(T).

Our objective is to demonstrate that z,, — u. From (4.8), it is sufficient to show
that

Applying (4.5) for ¢ = u € F(S)N F(T), we have ||u —T,|| < ||lu—u| for all
n € N. From (4.7), it holds that ||u —@| < |lu—1l|. As@w € F(S)N F(T) and
U = Pp(s)np (1)U, we obtain u = u. This concludes the proof. O

u (: lim @, = lim :L’") =u (: PF(S)ﬂF(T)u) .

Setting y,, = 2z, = w, = x, in Theorem 4.1, we again obtain Corollary 3.1.

5. REMARKS

This section provides brief notes regarding the main theorems of this study in
comparison with previous results. Let S : C — C with F (S) # 0 and let {z,} be a
bounded sequence in C, where C'is a nonempty, closed, and convex subset of a real
Hilbert space H. Define Z,, = % ZZ;& Skz, (€ C). We call a mapping S : C — C
mean-demiclosed if

(5.1) Zy; — u (weak convergence) == u € F'(S).

According to Kondo and Takahashi [21], a nonexpansive mapping is mean-demiclosed;
see also Claim 1 in Kondo [18] or Proposition 2.1 in Kondo [19]. Furthermore, con-
sider the following condition:

(5.2) Zy,; — u (strong convergence) == u € F (5).

A mean-demiclosed mapping (5.1) satisfies the condition (5.2) and therefore, broad
classes of mappings, including nonexpansive mappings, satisfy this condition (5.2);
see Appendix in Kondo [18]. Consider the following setting:

(xx) Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let S,T : C — C be quasi-nonexpansive mappings (2.5) that satisfy the condition
(5.2). Suppose that F(S)N F(T) # 0. Let {an}, {bn}, and {c,} be sequences
of real numbers in the interval [0, 1] such that a,, + b, + ¢, = 1 for all n € N,
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lim, 0o apb, > 0, and lim,,_,ca,c, > 0. Let {u,} be a sequence in H such that
Up, — u (€ H).

The only difference between the settings (x) and (%) is with regard to the
mapping conditions (3.1) and (5.2). The following two theorems are contained in
Kondo [19]:

Theorem 5.1 ([19]). Assume the setting (%x). Define a sequence {x,} in C as
follows:

ry=x € C: given,

C, =C,
1n—1 1n—1
Xn: nYn bn* Sln n Tl noy
AnYn + n; Z+Cn§ w

Cry1 = {h eCy: ”Xn - hH < Hxn - hH}7
Tnt1 = PCn+1u’ﬂ+1

for all n € N, where {y,}, {2}, and {w,} are sequences in C that satisfy the
following conditions:

lyn = all < llew —all s NIz = all < llzn =gl llwn =gl < [lzn =4l
forallge F(S)NF(T) and n € N and
(53) Tyn — Yn — 0

as n — oco. Then, {x,} converges strongly to an element u € F (S)NF (T), where
u = Pp(s)nr(T)U-

Theorem 5.2 ([19]). Assume the setting (%x). Define a sequence {x,} in C as
follows:

r1=x€C: given,

C, =0,
17171 1nfl
Xn: nYn bn* Sln n Tl "y
anYn + n; z—i—cn; w

Coir = {h € Cu X = B < an llyn = A1 + b 120 = BIP + € llw = R},
Tn+1 = PCn,Jrl Un+1

for all n € N, where {y,}, {zn}, and {w,} are sequences in C that satisfy the
following conditions:

lyn —all < llzn —qll, Mz —gll < llon =gl Nlwn —qll < llzn —qll
forallqe F(S)NF(T) and n € N and
(5.4) Tp—Yn—0, xp—2,—0, z, —w, —0

asn — oo. Then, {x,} converges strongly to an element w € F' (S)NF (T), where
u = Pp(s)nF(T)U-

First, we compare Theorem 3.1 with 5.1. As can be seen in (3.3) and (5.3), The-
orem 3.1 requires additional assumptions x,, — z, — 0 and x,, — w,, — 0, although
it can be established without relying on mean-valued sequences. Furthermore, the
conditions for mappings S and 7" in Theorem 3.1 differ from those in Theorem 5.1.
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For quasi-nonexpansive mappings with (3.1), see Appendix in Kondo [20] and for
quasi-nonexpansive mappings with (5.2), see Appendix in Kondo [18].

Next, we compare Theorem 4.1 with 5.2. In these two theorems, the required
conditions on the sequences {y, }, {zn}, and {w, } are the same as those in Theorem
3.1. For this point, see Remark 5.2 in Kondo [19]. In other words, Theorem 4.1
can be proved without using mean-valued sequences and without any additional
conditions on the sequences {y,}, {z»}, and {w, }. However, the conditions on the
mappings differ, as in the cases of Theorems 3.1 and 5.1.

6. COROLLARY

In this section, we provide a convergence result deduced from Theorem 3.1 to
demonstrate the applicability and effectiveness of the main theorems of this study.

Corollary 6.1. Assume the setting (x). Let {\,}, {p,}, and {v,} be sequences
of real numbers in the interval [0, 1] such that Ay, + p,, + vy =1 for alln € N and
An — 1. Define a sequence {x,} in C as follows:
(6.1) r1 =z €C: given,
C1 =C,
Yn = Ay + ,UnSIn +vpyTxy,,
Xn = anyn + by Syn + ciTyn,
Cht1 = {h €Cp: ”Xn - hH < ||x’n - hH}v
"I’"I’LJrl = PC”+1U/TL+1
for all n € N. Then, the sequence {x,} converges strongly to an element U €
F(S)NF(T), where i = Pp(s)ynr(T)u-
Proof. From Theorem 3.1, it is sufficient to demonstrate that

lyn — qll < ||lzn —q]| forallge F(S)NF(T) and n € N,
Ty —Yn — 0 asn — oo.
Before that, we shall verify that (a) C,, is closed and convex, (b) F (S)NF (T) C C,
for all n € N, and (c) the sequences {z,},{zn},{yn},{Xn}, and {C,} are properly
defined. These parts can be shown in a similar manner to the proof of Theorem
3.1 and thus, we omit them here.
Observe that ||y, — q|| < [|xn — ¢ Let ¢ € F(S)NF(T) and n € N. As § and
T are quasi-nonexpansive (2.5), the following holds:
lyn —all = A (20 — @) + p, (S0 — @) + v (T — )|
< Anllen =gl + pn 1520 — gl + v | T2 — 4
< llen — 4
as asserted.
Define @,, = Pg,u € C),. In a similar manner to the proof of Theorem 3.1, we
can show that there exists w € C such that w, — uw and z,, — u. As {z,} is

convergent, it is bounded. Moreover, as S and T are quasi-nonexpansive, {Sz,,}
and {T'z,} are also bounded. In fact, for ¢ € F (S) N F (T), it holds that

1Sz < [|S2n — gl + g
< lwn — gl + gl
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for all n € N. As {z,,} is bounded, {Sx,} is also bounded. Similarly, we can verify
that {Tz,} is also bounded as claimed.

We show that x, —y, — 0. As A, — 1, it follows that x,, — 0 and v, — 0.
Thus, we have

|Zn = Ynll = (|20 — An@n + p, STy + vy Tay)||
= ||(1 - A"L) Tp — /inS%L - VnTxn”
< (L= ) 2l + t 182l + [ Tira]) = 0

as asserted. The desired result follows from Theorem 3.1. O

Furthermore, the iterative scheme (6.1) can be replaced by

(6.2) Yn = AnTn + pp, STy + v Tx, + £nT2xn,
Xn = apyn + 0,.SYn + cTyn,
Cpt1={h € Cpn: || X, —hl| < [lzy — All},
Tn+1 = PC,,L+1Un+17

where 1 = x € C is given and C7; = C. Furthermore, in (6.2), the parameters
Ay oy Vs €5, € [0, 1] are required to satisfy A, — 1. This type of iterative scheme,
which includes the term T?z,,, was utilized by Maruyama et al. [25] to address more
general class of mappings than nonexpansive mappings; see also Kondo [15, 22] and
the articles cited therein. Hence, it is effective for nonexpansive mappings and the
class of mappings discussed in this study.

Apart from the iterative schemes (6.1) in Corollary 6.1 and (6.2), infinitely many
iterative methods to locate common fixed points of nonlinear mappings are gener-
ated from Theorems 3.1 and 4.1; see also Kondo [17, 18, 19, 20]. As a final remark,
we can prove similar results using the CQ method by Nakajo and Takahashi [26].
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