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ITERATIVE SCHEME GENERATING METHOD BEYOND
ISHIKAWA ITERATIVE METHOD

ATSUMASA KONDO

ABSTRACT. We propose an iterative scheme generating method to ad-
dress common fixed point problems. Our approach yields diverse iter-
ative schemes for finding common fixed points. The derivative results
include the Ishikawa iterative method and its variations. An application
to the variational inequality problem is provided to illustrate the use-
fulness of our method. The class of mappings we target is general. This
category includes nonexpansive mappings and various other types, even
those that lack continuity.

1. INTRODUCTION

Let H be denote a real Hilbert space with an inner product (-, -). The
norm ||-|| in H is defined by ||z|| = /(z, x). Consider a mapping S from
C into H, where C is a nonempty subset of H. Following convention, we
denote a set of fixed points of S by

F(S)={zeC:Sx=x}.

As a fixed point represents a crucial point, such as a solution to a vari-
ational inequality problem under appropriate settings, numerous studies
have investigated iterative methods to approximate fixed points of nonlinear
mappings. Among others, in 1974, Ishikawa [11] introduced the following
iterative scheme:

(1.1) x1 € C: given,
Zn = Ann + (1 = A\p) Sz,
Tpt1 = an®n + (1 — an) Szy

for all n € N, where S : C' — C is a nonlinear mapping, a,, A, € [0, 1] are
supposed to satisfy appropriate conditions such as A\, — 1. The iterative
rule in (1.1) is a kind of two-step iterative methods, which coincides with
the Mann type [26] when A\, =1 for all n € N.

Kondo proved the following theorem in a 2023 article:

Theorem 1.1 ([20]). Let C be a nonempty, closed, and convexr subset of
H. Let S,T : C — C be quasi-nonexpansive and mean-demiclosed mappings
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such that F(S) N F(T) # 0. Let Pp(s)np(r) denote the melric projection
from H onto F (S)NF (T). Let {an}, {bn}, and {c,} be sequences of real
numbers in the interval [0,1] such that a, + by, + ¢, = 1 for all n € N,

lim, ., apb, > 0, and lim,, , an,c, > 0. Define a sequence {x,} in C as
follows:
(1.2) x1 € C: given,

1 n—1 1 n—1
Tn+1 = Andp + bnﬁ Z Skzn + Cn; Z len
k=0 1=0
for all n € N, where {z,} and {w,} are sequences in C' that satisfy
(1.3) 1z = gll < llzn — gl and [Jwn = q|| < [lzn — 4]

for all g € F(S)NF(T) and n € N. Then, the sequence {x,} converges
weakly to a point T = limy, o Pp(s)nprytn € F (S)NF(T).

Iterative schemes using mean-valued sequences have been studied since
Baillon [3], Shimizu and Takahashi [30], and Atsushiba and Takahashi [2].
For a version such as (1.2), refer to Kondo and Takahashi [24]. In Theorem
1.1, a “mean-demiclosed mapping” means that any weak cluster point of a
mean-valued sequence defined as (1.2) is a fixed point. This class of map-
pings contains nonexpansive mappings as special cases, with more general
types of mappings falling under the purview of this theorem. For further
details and recent advancements regarding mean-valued sequences, consult
Kondo [18, 20, 22] and the articles cited therein.

For the sequences {z,} and {wy} in Theorem 1.1, only the conditions
in (1.3) are required. Thus, setting z, = Az, + (1 — \y) Sy, and w, =
UnZTn + (1 — ) Ty, the following two-step iterative method is derived.

(1.4) Zn = Ann + (1 — A\p) Sz,
Wp, = Py T, + (1 - :un) Ty,
1 n—1 1 n—1
= bn— Y S -y T
Tn41 AnTyn + no kzo Zn + Cnn lz(:) Wn,

where an initial point 1 € C is given and A, u,, € [0,1] are coefficients of
convex combinations without any restrictive conditions. It can be verified
that z, and w, in (1.4) satisfy the conditions in (1.3). By interchanging the
roles of S and T', we obtain the next iterative method:

(1.5) Zn = Ann + (1 — A\p) Ty,

W, = finTn + (1 = pi,) Stn,

1 n—1 1 n—1
Tpil = ATy + bnﬁ Z Sk + cnﬁ Z T w,.
k=0 =0
Notice that z, (respectively w,) in (1.5) only depends on the mapping T
(respectively S), at least directly. The sequences {z,} and {w,} in (1.5) also
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satisfy the conditions in (1.3). Furthermore, three-step iterative methods are
derived from (1.2). For instance,

(1.6) Wy = ppn + (1= py) Tn,
Zn = Ann + (1 = A\p) Swy,

b nzl Sk ! nZlTl
Tptl = Qn&p + Op— Zn + Ccp— Zn-
" k=0 n =0

The sequences {z,} and {w,} in (1.6) satisfy the conditions in (1.3). For
further elucidation on this point, refer to the proof of Corollary 4.5 in this
article. Regarding three-step iterative methods; see Noor [28]. Four-step
and more general iterative schemes are generated from Theorem 1.1. In
this sense, this method may be called an iterative scheme generating method
using mean-valued sequences. By integrating this method with projection
methods, Kondo [22] obtained strong convergence theorems.

This study presents a novel iterative scheme generating method to address
common fixed point problems without relying on mean-valued sequences.
Our method yields various types of iterative schemes for locating common
fixed points. The derived results encompass the Ishikawa iterative method
and its variant (see Corollary 4.2 in this article). Additionally, we provide
an application to the variational inequality problem to illustrate the util-
ity of our method. We target a broad category of mappings characterized
by quasi-nonexpansive and a condition regarding the demiclosedness. This
class encompasses nonexpansive mappings and various other types, includ-
ing mappings that are not continuous.

The structure of this article is as follows: Section 2 provides background
information. In Section 3, the main theorem of this study is established.
Section 4 introduces various iterative schemes derived from the main theo-
rem. Section 5 applies to the variational inequality problem. As previously
mentioned, the mappings targeted in this study are not limited to nonexpan-
sive mappings. In Section 6, as an appendix, we present classes of mappings
addressed in this study with an example.

2. PRELIMINARIES

In this section, we summarize preliminary information. Let {z,} be a
sequence in a real Hilbert space H and let x € H. Strong and weak conver-
gence of {z,} to x is denoted by x,, — = and x,, — x, respectively. We know
that x, — z if and only if for any subsequence {x,,} of {z,}, there exists a
subsequence {:L‘n]} of {xy,} such that Tp; — @ It holds that if x,, — x and
Yn — Y, then <:E7l7 yn> - <:U7 y>

Let C be a nonempty, closed, and convex subset of H. A mapping S :
C — H is called nonezpansive if ||Sx — Sy|| < ||z — y|| for all z,y € C. A
mapping S with F (S) # 0 is called quasi-nonexpansive if

(2.1) |Sz —q|| < ||z —q|| for all z € C and q € F(S).
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A set of fixed points of a quasi-nonexpansive mapping is closed and convex;
see Itoh and Takahashi [12]. A mapping I —S : C' — H is called demiclosed
if

(2.2) Ty — Sy — 0 and x, — p=p € F(9),

where I represents the identity mapping. In this article, we shed light on this
type of mappings, in other words, quasi-nonexpansive mappings that sat-
isfy the condition (2.2). This class of mappings encompasses nonexpansive
mappings with fixed points:

Proposition 2.1. Let S : C — H be a nonexpansive mapping with a fized
point, where C' is a nonempty, closed, and convex subset of H. Then, S is
quasi-nonexpansive and I — S is demiclosed.

A proof of Proposition 2.1 is found in Takahashi [31]. This class of map-
pings includes more general types of mappings than nonexpansive mappings.
To demonstrate the breadth of results obtained in this study, we introduce
various classes of mappings that are quasi-nonexpansive with the condition
(2.2) in Section 6.

Let F' be a nonempty, closed, and convex subset of H. For any x € H,
there exists a unique element p € F that satisfies ||z — p|| < ||z — ¢|| for all
g € F. This mapping x —— p is called a metric projection from H onto F,
denoted by Pr. A metric projection Pg is nonexpansive and satisfies the
inequality

(2.3) (x — Ppx, Prxz—q) >0

for all z € H and ¢ € F. Conversely, if p € F satisfies (x —p, p—¢q) > 0
for all ¢ € F, then p = Ppx.
The following lemmas are utilized in the proof of the main theorem:

Lemma 2.1 ([33]). Let F' be a nonempty, closed, and convex subset of H,
let Pr be the metric projection from H onto F, and let {x,} be a sequence
in H. If ||zn41 — ql] < ||z —4q|| for all ¢ € F and n € N, then {Prxy,} is
convergent in F.

Lemma 2.2 (27, 37]). Letx,y,z € H and let a,b,c € R such that a+b+c =
1. Then, the following equation holds:

laz + by +c2|> = allzl® +bllyl® + c 2]
—ablz —y||* = belly — 2||* — callz — x|

Although Lemma 2.2 addresses the case of 3, its findings extend to more
general scenarios. For investigation concerning the n case, refer to Lemma
1.1 in Zegeye and Shahzad [37]. It is noteworthy that in Lemma 2.2, the
conditions a, b, ¢ € [0, 1] are not necessary.

In this paper’s subsequent sections, we assume that there exists a common
fixed point for nonlinear mappings. A simplified version of the common fixed
point theorem for nonexpansive mappings can be articulated in the context
of a real Hilbert space as follows:



ITERATIVE SCHEME GENERATING METHOD 5

Theorem 2.1 ([4, 8, 13]). Let C be a nonempty, closed, convex, and bounded
subset of H. Let S, T : C — C be nonexpansive mappings such that ST =
TS. Then, S and T possess a common fized point.

Key assumptions are the commutativity ST = T'S of the mappings and
the boundedness of the domain C'. For common fixed point theorems about
more general types of mappings, refer to Kondo [17, 19], and articles cited
therein. Additionally, note that setting 7" as the identity mapping [ in
Theorem 2.1, we derive a fixed point theorem for a single nonexpansive
mapping S as SI = 1.5 holds true.

3. MAIN RESULT

In this section, we present an iterative scheme generation method. This
method yields various iterative schemes that weakly approximate common
fixed points. For example, the Ishikawa iterative scheme and its variant are
derived from this method, as discussed in the next section. The fundamental
components of the proof have been developed and refined in numerous prior
studies; refer to articles cited in Kondo [16].

Theorem 3.1. Let C be a nonempty, closed, and convex subset of a real
Hilbert space H, let S,T : C' — C be quasi-nonexpansive mappings such that
I— 5 and I —T are demiclosed, where I is the identity mapping. Suppose
that F'(S)NF (T) # 0. Let Pp(synr(r) denote the metric projection from H
onto F (S)NF (T). Let {ayn}, {bn}, and {c,} be sequences of real numbers in
the interval [0,1] such that an + b, +cp =1 for alln € N, lim,,_, anb, >0,
and lim,,_, ancy, > 0. Define a sequence {xy} in C as follows:

x1 € C: given,
Tptl = AQpYn + bn Sz + ey Twy,

for all n € N, where {yn}, {zn}, and {w,} are sequences in C' that satisfy
(3.1)
1gn = all < llzn —all; llzn = qll < llzn =gl and |lwn — gll < |lzn — 4|

forallge F and n € N and
(3.2) Tn—Yn — 0, xp — 2, — 0, and x, — wy, — 0.

Then, the sequence {x,} converges weakly to a point ¥ € F(S)N F(T),
where T = limy, 00 Pr(s)nF(r)Tn-

Proof. First, we show that

(3.3) [2nt1 = qll < [len — qll

for any ¢ € F(S)NF (T) and n € N. To achieve this, let us arbitrarily select
g€ F(S)NF(T)and n € N. As S and T are quasi-nonexpansive (2.1), by
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employing (3.1), we have
[#n+1 = ¢l = llanyn + bpSzn + cnTwn — q||
= Han (yn - CI> + by, (Szn - Q) +cn (Twn - Q)H
< an Hyn - QH +bn Hszn - QH +cn HTwn - QH
< an Hyn - QH + bn Hzn - CIH +cn Hwn - QH
< an Hxn - CIH + by ”xn - QH +cn Hxn - qH
= llzn —all,

as claimed. This indicates three facts: First, {||x, — ¢||} converges in R for
all g € F(S)NF (T). Second, {xy} is bounded. Third, according to Lemma
2.1, {PF(S)QF(T)xn} converges in F'(S) N F (T). We denote the limit point
as T = Iimnﬂoo PF(S)OF(T)xn-

Observe that {z,}, {wn}, {S2zn}, and {Tw,} are bounded. Indeed, as
{zn} is bounded, from (3.1), it follows that {z,} and {w,} are also bounded.
Let ¢ € F(S). As S is quasi-nonexpansive, we have

1520l < 120 — qll + Il
< lzn — qll + llall -

As {z,} is bounded, {Sz,} is also bounded. Similarly, {Tw,} is also
bounded.
We prove that

(3.4) Yn — Szp — 0 and vy, — Tw, — 0.
Choose g € F'(S) N F (T) arbitrarily. Using Lemma 2.2 and (3.1) yields
|01 — qll®
= Han (yn_Q)+bn (Szn_Q)+cn (Twn_Q)
= anllyn —all* +ba 1Sz — al* + ¢ | Twn — glf?

—anbn ||yn — Sanz — bpen ||Szn — TwnH2 — cnan || Twy — yn|

2
|

2

IN

an [[yn = all* +bn |20 — al* + cn wn — ql®
—nbn [yn — Sznll?> = bucn |Szn — Twy||* = cnan | Twn — yal|?
<l — QHZ
—anbn |y — Sznl|? = bncn ||Szn — Twal|* — cnan | Twn — ynl* -
AS bpcn [|Szn — Twy||? > 0, we obtain
anbp [lyn — SZnH2 + ancn [[yn — TwnH2 < |lzn — qH2 = |lzns1 — (JH2 :

As {||zn, — ¢} is convergent, the right-hand side converges to 0. Using the
hypotheses lim, ,. apnb, > 0 and lim, , anc, > 0, we obtain (3.4), as
asserted.

Our next aim is to demonstrate that

(3.5) zn — Sz — 0 and w, — Tw, — 0.
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Using (3.2) and (3.4) yields
20 = Szull < llzn — @nll + 2 — ynll + llyn — Sznll — 0.

The statement w, — Tw, — 0 can be verified similarly.

Our goal is to prove that z, — Z (= limg_oo PF(S)QF(T)xk). Let {xn,}
be a subsequence of {x,}. As {z,,} is bounded, there exists a subsequence
{@n,;} of {xn,} such that z,, — p for some p € H. From (3.2), we have
2z, — pand wp; — p. As [ — S and I — T are demiclosed (2.2), from (3.5),
we obtain p € F'(S)N F(T). Thus, from a property (2.3) of the metric
projection, the following holds:

(Tn; — Pr(s)nFT)Tn;> Pris)nrr)tn; —p) >0

for all j € N. As w,; — p and Pp(s)np(1)Tn — T, We have (p—7, T—p) > 0,
which implies that p = Z. Therefore, for any subsequence {zy,;} of {z,},
there exists a subsequence {a:nj} of {wy,} such that z,;, — p = z. This
indicates that x,, — Z. The proof is completed. O

A weak approximation method for a finite family of mappings can be
established using a generalized version of Lemma 2.2.

4. DERIVATIVE RESULTS

This section presents convergence results derived from Theorems 3.1.
Throughout this section, we maintain the following setting:

(%) Let C' be a nonempty, closed, and convex subset of a real Hilbert
space H, let S,T : C — C be quasi-nonexpansive mappings such that I — .5
and I — T are demiclosed, where I is the identity mapping. Suppose that
F(S)NF(T) # 0. Let Pp(s)nr(r) denote the metric projection from H onto
F(S)NF(T). Let {ayn}, {bn}, and {c,} be sequences of real numbers in the
interval [0, 1] such that a, + b, +¢, =1 for all n € N, lim,,_,oca,b, > 0, and
limy, 00ancn > 0.

We begin with a simple case. Set y, = z, = w, = x, in Theorem 3.1,
where the required conditions (3.1) and (3.2) are satisfied. This operation
yields the following corollary:

Corollary 4.1. Assume the setting (x). Define a sequence {z,} in C as
follows:

x1 € C: given,

Tptl = ATy + bpSxy + Ty,

for all n € N. Then, the sequence {x,} converges weakly to a point T €
F(S)NF(T), where T = limy, .00 Pr(s)nr(1)Zn-

The iterative rule in Corollary 4.1 is a version of a Mann type iterative
scheme; see Theorem 3.2 in Kondo and Takahashi [23].
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Next, setting 2z, = w, = x, and y, = A\p2n + 1, ST, + vy T2, in Theorem
3.1, we obtain the following corollary. For an illustration, a complete proof
is provided without relying on Theorem 3.1.

Corollary 4.2. Assume the setting (x). Let {\.}, {1,}, and {v,} be se-
quences of real numbers in the interval [0,1] such that Ay, + p,, + vy =1 for
alln € N and A\, — 1. Define a sequence {xy} in C as follows:

x1 € C: given,
Yn = AnZn + 1, ST + VT,
T4l = QpYn + Sty + Ty
for all n € N. Then, the sequence {x,} converges weakly to a point T €
F(S)NF(T), where ¥ = limy, .00 Pr(s)nr(1)Zn-
Proof. First, we prove that
(4.1) lyn —all < |0 — 4

forall g € F(S)NF(T) and n € N. Select ¢ € F(S)NF(T) and n € N
arbitrarily. As S and T are quasi-nonexpansive (2.1), it follows that

lyn — all = |An@n + 1 STn + v T2 — 4|
= [|An (zn — @) + pn (S22 — @) + v (T2n, — q)|
< A llzn = all + o [1Szn — qll + vn [Tz — 4
< A llzn = all + pn ll2n — gll + va [z — 4
= [lzn —all-
Using (4.1), we show that
(4.2) [2n1 = qll < [len — qll
forallge F(S)NF(T)and n € N. As § and T are quasi-nonexpansive, it
follows that
[2n1 = all = llan (Yn — @) + bn (S0 — q) + cn (Tzn — q)||
< an |[yn = gll + b [[Szn = gl + e [|T2n — gl
= l[zn —qll-
Thus, (4.2) holds true, as claimed. Consequently, it follows that (a) {||zn — ¢/}
is convergent in R; (b) {z} is bounded; (c¢) From Lemma 2.1, { Pp(s)np(r)Tn }
is convergent in F'(S) N F'(T). From (c), T = limp—,c0 Pp(s)np(1)Tn exists
in F(S)NnF(T).
From (b), we can show that {Sz,} and {Tx,} are bounded. Indeed, for
q € F(5),
(4.3) [Sznll < [[S2n = qll + llgll < lzn — gl + [lall -

As {z,} is bounded, we can conclude that {Sz,} is also bounded. The
assertion that {T'z,} is bounded can be demonstrated similarly.
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Observe that
(4.4) Ty — Yn — 0.
It is true that
[0 = ynll = 120 — C\an + ST + vaT) |
< (1= 2n) l[onll + g [|Sznll + vi [ Ton| -

As A\, — 1, we have p,, — 0 and v, — 0. As both {Sx,} and {Tz,} are
bounded, we conclude that x,, — y, — 0, as asserted.
Let us prove that

(4.5) Yn — Sxn — 0 and y, — Tz, — 0.
Using ¢ € F(S)N F (T), Lemma 2.2, and (4.1), we have
|zn i1 —ql®
= llan (Yn — @) + b (S0 — ) + cn (T — q)
= anllyn — al* + bn |20 — glf* + cn | T2n — g

—anbn [yn — Stnll> = bucn [|STn — Tap||* — cnan | Tan — yull?

2
|

IN

an @ = gl + ba 2 — al® + en |20 — gl
—nbn lyn — Szl = bucn [Szn — T2 — cnan [Tz — ynl?
= Jan —ql?
—nby ||yn — STp||? = bucn ||STn — Tanl|> — cnan |Txn — ynl* -
As bycy ||Szn — T |* > 0, it holds that
anbn [|yn — S’an2 + ancn [|yn — TwnHQ < l@n - CIHQ = [lzns1 — qH2 :

From (a) and the hypotheses lim, ,canb, > 0 and lim, ,canc, > 0, we
obtain (4.5), as claimed. From (4.4) and (4.5), it follows that

(4.6) Ty — Sr, — 0 and z, — Tz, — 0.

Our aim is to show that x, — = (E limg_ o0 PF(S)QF(T)xk). Let {x,,} be
a subsequence of {z,}. From (b), {zy,} is bounded. Thus, there exists a
subsequence {xn]} of {zn,} such that x,, — p for somep € H. As I~ S
and I — T are demiclosed (2.2), from (4.6), we have that p € F'(S) N F (T).
From (2.3), it holds that

(Tn; — Pr(s)nF(r)Tn;> Pr(s)nFr)tn; —p) >0
for all j € N. As x,; — p and Pp(s)np(r)Tn — T, it follows that (p — 7,
Z — p) > 0, which implies that p = Z. This completes the proof. O

Compare the iterative scheme in Corollary 4.2 with the Ishikawa type
(1.1).
Additionally, we obtain the following result:
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Corollary 4.3. Assume the setting (x). Let {\,} and {u,,} be sequences of
real numbers in the interval [0, 1] such that

(4.7) An — 1 and p,, — 1.
Define a sequence {x,} in C as follows:
(4.8) z1 € C: given,

Zn = Ann + (1 — Ap) Ty,
Wn, = [y Ty + (1 - :un) S$n7
Tp+l = ApTp + bpSzn + cyTwy,

for all n € N. Then, the sequence {x,} converges weakly to a point T €
F(S)NF(T), where T = limp—.co Pr(s)np(1)Tn-

Proof. From Theorem 3.1, it is sufficient to demonstrate that

(4.9) lzn —qll < llzn — gl and [Jwy, —ql| < [[2 — 4]
forall g € F(S)NF (T) and n € N and
(4.10) Tp — 2n — 0 and z,, — w, — 0.

First, we verify (4.9). Choose ¢ € F(S)N F(T) and n € N arbitrarily. As
T is quasi-nonexpansive (2.1) and ¢ € F' (T'), we have
lzn = qll = |An (20 — @) + (1 = An) (Tzn — q)|
< Anllzn = all + (1 = An) [Tzn — g
< Anllzn = gll + (1 = An) lzn — gl
= llzn —qll-
Similarly, employing the hypothesis that S is quasi-nonexpansive, we can

also show that [[w, — g < [[zn — ¢|, as claimed.
It follows that

(4.11) [2n1 = qll < [lzn — qll

for all ¢ € F(S)N F(T) and n € N. In fact, as S and T are quasi-
nonexpansive, using (4.9) yields

[2n+1 = qll < an llzn — qll + bn Sz — gl + cbn [ Twn — q|
< an ||z — gl + bn llzn — qll + cbn [[wn — ql|
< an ||z — qll + bn [lzn — gl 4 cbp [|2n — g
= llzn —qll-
This shows that (4.11) holds true, as stated. From (4.11), it is evident that
{zy} is bounded. Applying the same reasoning as in the proof of Corollary

4.2 concerning (4.3), we conclude that {Sz,} and {T'z,} are also bounded.
Finally, we demonstrate (4.10). It holds that

|20 — 2ol = |20 — [An@n + (1 = An) Tay]||
=(1=Xp) ||zn — Ty .
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As {z,} and {T'z,} are bounded, using the condition A, — 1 in (4.7), we
deduce that xz,, — z,, — 0. Similarly, we can show that z,, — w,, — 0. The
proof is completed. 0

Remark 4.1. Notice that z, (respectively wy,) in (4.8) only depends on the
mapping T (respectively S), at least directly. When comparing the iterative
scheme in Corollary 4.3 with (1.5), it is apparent that in Corollary 4.3, the
additional conditions in (4.7) are required. However, Corollary 4.3 can be
established without relying on mean-valued sequences such as those in (1.5).

A multi-step iterative scheme is also derived:

Corollary 4.4. Assume the setting (x). Let {\n}, {pn}, {vn}, {\}, {1},
{3, {0}, {ul}, and {v))} be sequences of real numbers in the interval
[0,1] such that Ay + pi, + v =1, N, + phy + v, =1, N+ plh + v =1 for
alln € N,
(4.12) A — 1, N, — 1, and N — 1.
Define a sequence {x,} in C as follows:
x1 € C: given,
Wy = Nxy + pl Sxy + Vi Ty,
Zn = Anwp + i, Swy, + v, Twy,
Yn = AnZn + U, S2n + vnT 2y,
Tnt1 = @npYn + bpSYn + cnTyy
for all n € N. Then, the sequence {x,} converges weakly to a point T €
F(S)NF(T), where ¥ = limy, 0o Pr(s)nr(1)Tn-
Proof. According to Theorem 3.1, it is sufficient to demonstrate that
lyn — ¢l < ||z —q|| forallge F(S)NF(T) and n € N and
Tn — Yn — O.

Let g € F(S)NF(T) and n € N. As S and T are quasi-nonexpansive, it
follows that

(4.13) [wn —qll < llzn —ql|-

This verification can be conducted as follows:

(4.14) |lwn — q| = H/\Z:Bn+u25’mn+yﬁTxn —qH
<N [l2n — qll + w1520 — qll + vy, [| Tn — q|
<|ln —qll

Similarly, we have

(4.15) lzn = qll < lwn —4all; lyn —all < llzn —qll, and

(4.16) Tt —all < [lyn —all.-
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From (4.13) and (4.15), we derive the inequality |y, — ¢|| < ||, — ¢|| for all
qge F(S)NF(T) and n € N.
From (4.13), (4.15), and (4.16), we have

[Zn1 = gl < llzn =4l

which implies that the sequence {x,} is bounded. Additionally, considering
(4.13) and (4.15), we conclude that the sequences {y,}, {zn}, and {w,} are
bounded as well. Consequently, the sequences {Szy}, {Txn}, {Syn}, {Tyn},
and so forth, are also bounded. These facts can be ascertained as (4.3) in
the proof of Corollary 4.2.

Observe that

(4.17) Wy, — Ty, — 0.

Indeed, as {x,}, {Szn}, {Tx,} are bounded and A/ — 1 it follows that

lwn — @ || = || Noon + 1 S, + Vi Txn — |

< (1= M) lznll + po 1S@n]l + vy | T2 — 0.
Similarly, by considering A/, — 1 and \,, — 1, we can demonstrate that
(4.18) zp — wp, — 0 and y, — 2z, — 0.
Finally, using (4.17) and (4.18), we obtain
120 = ynll < 20 — wnll + llwn = 20l + (20 = ynll — 0.

This concludes the proof. ([l

In Corollary 4.4, if \! = 1, then w, = x, and the following iterative
scheme is deduced:

Zn = ATy + i STy + Vi Ty,
Yn = An2n + MnSZn + vnT'2y,
Tntl = An¥Yn + 0nSYn + ¢ Tyn,
where an initial point 27 € C is given. This is a version of the three-step
iterative scheme; see Noor [28], Dashputre and Diwan [7], Phuengrattana

and Suantai [29], and Chugh et al. [6]. The next corollary is also derived
from Theorem 3.1:

Corollary 4.5. Assume the setting (x). Let {\n}, {tn}, {vn}, {\}, {1},
{vit, {0}, {ul}, and {v]} be sequences of real numbers in the interval
[0,1] such that Ay + pi, +vn =1, N, +phy + v, =1, N+ pl + v =1 for
alln € N, and

(4.19) Ap — 1.
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Define a sequence {x,} in C as follows:
x1 € C: given,
Wy = Nlay + ul Sxy + VI Ty,
Zp = )\:Zmn + ,u;lSwn + V%Twn,
Yn = Ann + ppSzn + vn T2y,
Tptl = nTn + 0y SYn + cnTyn
for all n € N. Then, the sequence {x,} converges weakly to a point T €
F(S)NF(T), where ¥ = limy, .00 Pr(s)nr(1)Zn-
Proof. From Theorem 3.1, it is sufficient to show that
lyn — ¢l < ||z —¢q|| forallge F(S)NF(T) and n € N and
Tn — Yp — 0.

Choose ¢ € F(S) N F(T) and n € N arbitrarily. We demonstrate that
lyn — qll < ||z — ¢||. Following the same steps as in (4.14), we have

(4.20) Jwn = qll < [J2n — ql|-
Using (4.20), we have

(4.21) 120 — qll < llzn —ql|-
Indeed,

l2n = all <N, |20 — gl + p, |Swn — gl + vy, [|[Twn — 4|
< A;z |z —ql| + (/’L;m + V;w) llwn — 4|
<A llzn = all + (4 + v3) llzn — 4
= [lzn — 4l -

Similarly, using (4.21), we obtain

(4.22) lyn — qll < [lzn — 4ll,
as claimed.

Next, observe that
(423 i1 = all < llon —

forall g € F(S)NF (T) and n € N. Indeed, from (4.22),

[zn+1 = gll < an [lzn = gl +ba [|Syn — gll + cn [Ty — 4l
< ap [[2n = gl + bn lyn = all + cn llyn — 4ll
< an [|zn = qll + bn |20 — gl + cn 20 — 4|
= l[zn —qll-
From (4.23), {z,,} is bounded. Thus, from (4.21), {z,} is also bounded. As

S and T are quasi-nonexpansive, {Sz,} and {T'z,} are also bounded, which
can be verified as in (4.3) in the proof of Corollary 4.2.
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Finally, we show that =, — y, — 0. As {x,}, {Sz,}, and {Tz,} are
bounded and A,, — 1, we obtain

120 = ynll = [0 — An2n + p1, 820 + vnTzn)||
< (1 =) l|znll + p, |8 20l 4+ vn | T20|| — 0.

The desired result follows from Theorem 3.1. O

Remark 4.2. By comparing (4.19) with (4.12), we find that the conditions
A, — 1 and \! — 1 are dispensable in Corollary 4.5 by adopting the iterative
scheme in Corollary 4.5 instead of that in Corollary 4.4.

We present the following corollary, also derived from Theorem 3.1:

Corollary 4.6. Assume the setting (x). Let {\.}, {u,}, and {v,} be se-
quences of real numbers in the interval [0, 1] such that Ay, + p,, + vy, =1 for
alln € N and A\, — 1. Define a sequence {xy} in C as follows:

x1 € C: given,

1 n—1 1 n—1
Yn = AnTp + Mnﬁ Z Skxn + Vn; Z Tlxm
k=0 =0
Tn+l = ApYn + bnSyn + cnTyYn

for all n € N. Then, the sequence {x,} converges weakly to a point T €
F(S)NF(T), where T = limp—.co Pr(s)np(1)%n-

Proof. From Theorem 3.1, it is sufficient to demonstrate that

lyn — all < ||xn —q| forallge F(S)NF(T) and n € N and

Tp — Yn — 0.
First, let us verify that

(4.24) lyn = all < llzn —all-

Let g € F(S)NF(T) and n € N. As S is quasi-nonexpansive, it holds that

n—1
g Sk, — ng
k=0
n—1

Z (Skmn — q>

<15 st o]

1 n—1
" Z [z —qll = |lzn — ql|.-
k=0

| —

(4.25) Hinzl S
k=0

SERS

IN
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mi . e 1 n—1 i 1o .
Similarly, we can establish that Hﬁ Yoo Than — qH < ||xr, — ¢||. Utilizing
these observations, we have
lym — 4l

n—1
1
=0

1 - 1 n—1
< Ao ll@n —qll + gy, ﬁzskxn—q +vn ;ZTlxn—q
k=0 1=0
S Hxn - QH )
as claimed.

We aim to prove that z, — y, — 0. Given that S and T are quasi-
nonexpansive, employing (4.24) yields

(4.26) [znt1 = qll < llzn — gl

for all ¢ € F(S)NF (T) and n € N. Consequently, {z,} is bounded. Then,
%ZZ;& Skxn} and {% ST la:n} are also bounded. Indeed, it follows

from (4.25) that

1 n—1 1 n—1
22 Stan| S|\ > ST —g
k=0 k=0

As {z,} is bounded, {% s S kxn} is also bounded. Similarly, {% S Tl:cn}
is also bounded.

From the above, we obtain x, — y, — 0. Indeed, as A, — 1, it follows
that

+llall < llen — gl + gl -

[0 = ynll =

iiskx izm
" k=0 ' "0 '

This completes the proof. O

< (1= 2n) llznll + o, +vn

Apart from Corollaries 4.1-4.6, various iterative schemes can be derived
from Theorem 3.1.

5. APPLICATION

In this section, we apply a result obtained in this study to the variational
inequality problem (VIP). The following classes of mappings are frequently
referred in the literature. A mapping A : C — H is called K-Lipschitz
continuous if there exists K > 0 such that ||[Az — Ay|| < K|z —y| for
all z,y € C, where C is a nonempty subset of a real Hilbert space H. A
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mapping A : C — H is called monotone if 0 < (x —y, Az — Ay) for all
z,y € C. A mapping A : C — H is called a-inverse strongly monotone if
there exists a > 0 such that

(5.1) oAz — Ay|* < (z -y, Az — Ay)

for all z,y € C; see [5, 25]. An a-inverse strongly monotone mapping
A : C — H is monotone and (1/«)-Lipschitz continuous.
For a mapping A : C — H, the set of solutions to the VIP is denoted by

(5.2) VI(C,A)={zeC:(y—x, Az) >0forally e C}.

The VIPs are directly linked to optimization problems under appropriate
settings. For instance, this connection is evidenced in the work of Toyoda
and Takahashi [33]:

Proposition 5.1. For a mapping A : H — H, the set (5.2) of solutions to
the VIP coincides with the set of null points of A, that is, VI (H, A) = A~10,
where A0 = {z € H : Ax = 0}.

Proof. The inclusion VI (H, A) D> A~10 follows from the definition of VI (H, A).
Let € VI(H, A) be arbitrary to show inverse inclusion. Then, it follows
from (5.2) that

(y —x, Az) >0 for all y € H.

Setting y = x — Az € H, we have (—Az, Ax) > 0. Consequently, we obtain
Az = 0, which means that € A710. This completes the proof. U

Let H = R and interpret A as a derivative f’ of a real-valued function
f defined on R. Then, VI (R, f') is the set of points x € R that satisfies
fl@)=0

The following facts are crucial for applying fixed point theory to VIPs:

Proposition 5.2. Let A be a mapping from C into H, where C is a non-
empty subset of H. Then, the following holds:

(a) If A is a-inverse strongly monotone, then I — nA is a nonexpansive
mapping from C into H for all n € [0,2«a], where I is the identity mapping
defined on C.

(b) Suppose that C is closed and convex. Then, it holds that VI (C, A) =
F (Pc (I —nA)) for all m > 0, where Pc is the metric projection from H
onto C.
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Proof. (a) Let n € [0,2a]. As A is a-inverse strongly monotone (5.1), it
holds that

(I = nA)x — (I —nA)y|
= |z —y —n (Ax — Ay)|
= [lz — y[* — 2n (z — y, Az — Ay) +” || Az — Ay]®
< [lz — yl* — 2na ||Az — Ay|* + n* || Az — Ay|®
= |z = y* = n (2a — ) Az — Ay|*
< lz -yl
for all z,y € C. This implies that I — nA is nonexpansive.

(b) Let n > 0. From the properties of metric projections, we have the
desired result as follows:

z € F(Pc (I —nA))
< x = Po (z —nAx)
<— ((x —nAz) —z, z—y) >0forally e C
< (—nAz, x—y)>0foralyeC
< (Az, x —y) <Oforally e C
=z eVI(CA).

O

From (a) in Proposition 5.2, Po (I — nA) is a nonexpansive mapping from
C into itself if n € [0,2a]. Consequently, from (b) and Theorem 2.1, the set
VI(C,A) is a nonempty, closed, and convex subset of C' if C' is a nonempty,
closed, convex, and bounded subset of H. For contributions regarding the
VIPs, see Yamada [36], Takahashi and Toyoda [33], Xu and Kim [35], and
Truong et al. [34].

Proposition 2.1 states that a nonexpansive mapping with a fixed point is
quasi-nonexpansive and fulfills the condition (2.2). By integrating Corollary
4.2 with Proposition 5.2, we derive result that explicitly illustrates how to
approximate a common solution to a fixed point problem and a VIP:

Theorem 5.1. Let C be a nonempty, closed, and convex subset of a real
Hilbert space H and let S : C — C be a nonexpansive mapping. Let A: C —
H be an a-inverse strongly monotone mapping and let n € [0,2a]. Suppose
that

Q=F(S)NVI(C,A) #0.
Let {an}, {bn}, and {c,} be sequences of real numbers in the interval [0, 1]
such that ap+b,+c, = 1 foralln € N, lim,,_,s0a,b, > 0, and lim,,_,scancn >

0. Let {\n}, {1}, and {vn} be sequences of real numbers in the interval
[0, 1] such that Ap+ i, +vn =1 for alln € N and A\, — 1. Define a sequence
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{zn} in C as follows:
x1 € C: given,
Yn = A\nTn + STy + v Po (I — nA) zp,
Tpt1 = anYn + bpSzy + cn Po (I — nA) x,

for all n € N. Then, the sequence {x,} converges weakly to a point T € (Q,
where T = lim,,_,o0 PoTy,-

6. APPENDIX

In this study, our focus is on quasi-nonexpansive mappings that sat-
isfy (2.2). This category encompasses nonexpansive mappings and broader
classes of mappings with fixed points. In this section, we introduce the di-
verse classes of mappings addressed in this study, illustrating the extensive
applicability of the findings presented herein.

Let H be a real Hilbert space and C' be a nonempty subset of H. A
mapping S : C' — H is called

(1) nonexpansive if ||Sz — Sy|| < ||z — y|| for all z,y € C,

(i) nonspreading [15] if 2| Sz — Sy|* < ||z — Sy|? + ||Sz — y||? for all
x,y € C,

(iti) Aybrid [32] if 3] Sz — Syl> < o — ylI* + llz — Syl> + 1Sz — y|* for
all z,y € C.

The definition of a nonexpansive mapping overlaps with Section 2. We
provide Example 6.1 to illustrate that the class of nonspreading mappings
includes mappings that are not continuous. The definition of hybrid map-
ping (iii) is obtained by summing up the conditions (i) and (ii).

The class of generalized hybrid mappings encompasses these three types
(i)—(iii) of mappings simultaneously. A mapping S : C — H is said to be

(iv) generalized hybrid [14] if there exist «, 3 € R such that

(6.1) a||Sz—SylI* + (1 —a) |z = Sy|* < Bl|Sz = y[* + (1 = ) = — yI

for all x,y € C. Setting « = 1 and 8 = 0 in (6.1), we have the con-
dition (i) of nonexpansive mappings. Therefore, the class of generalized
hybrid mappings contains nonexpansive mappings as special cases. Substi-
tuting (o, 5) = (2,1) and (3/2,1/2) in (6.1), we derive the conditions of
nonspreading mappings (ii) and hybrid mappings (iii), respectively. Thus,
nonspreading and hybrid mappings are also included in the class of gener-
alized hybrid mappings as special cases. Another type of mappings called
A-hybrid [1] is also within the class of generalized hybrid mappings.
According to Kocourek et al. [14], the following holds:

Proposition 6.1 ([14]). Let C be a nonempty subset of H and let S : C —
H be a generalized hybrid mapping. Then, the following assertions hold:
(i) The mapping S is quasi-nonexpansive when F (S) # 0;
(ii) Assume that C is closed and convex. Then, I — S is demiclosed.
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Kocourek et al. proved weak convergence theorems for finding fixed points
of S. According to Proposition 6.1, mappings such as nonexpansive, non-
spreading, hybrid, and A-hybrid with fixed points are quasi-nonexpansive
and satisfy the condition (2.2). Consequently, the mappings of these classes
fall within in the category addressed in this study.

Finally, we provide an example of a nonspreading mapping to show that
the class of mappings includes a mapping that is not continuous:

Example 6.1 ([21]). Let H = C = R and define a mapping S : R — R as

follows:
|1 ifr> A,
Sv = { 0 ifz <A,
where A € R is a constant.

According to Kondo [21], the mapping S is nonspreading if and only
if A > /2. Assume that A > /2. In this scenario, the mapping S is
nonspreading and it is generalized hybrid. As S has a fixed point 0 € R, from
Proposition 6.1, S is quasi-nonexpansive and I — S is demiclosed. Thus, it
belongs to the class discussed in this study, even though it is not continuous.
For other examples, refer to Igarashi et al. [10], Hojo et al. [9], Kondo [16],
and articles cited therein.
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