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ON THE ITERATIVE SCHEME GENERATING METHODS
USING MEAN-VALUED SEQUENCES

ATSUMASA KONDO

ABSTRACT. Using the Mann method and the shrinking projection method, we
present generalized forms of iterative scheme generating methods and com-
pared them with prior frameworks. To this end, the properties of mean-valued
sequences are leveraged. Subsequently, we establish a convergence theorem
similar to that developed by Martinez-Yanes and Xu. This approach highlights
the difference between the conventional shrinking projection method and the
Martinez-Yanes and Xu variant. The proposed frameworks yield various types
of iterative schemes for finding common fixed points, including a three-step
iterative scheme. The class of mappings considered incorporate general types,
including nonexpansive mappings.

1. INTRODUCTION

Let C be a nonempty subset of a real Hilbert space H and let S be a mapping
from C into H. In H, an inner product (-, -) and the induced norm ||-|| are defined.
The notation F (S) = {z € C': Sz = x} is used to represent a set of all fixed points
of S. A mapping S : C — H is called nonexpansive if ||Sz — Sy|| < ||z =yl
for all z,y € C. Due to its broad applicability, the construction of a sequence
that converges to a fixed point of a nonexpansive mapping has been a topic of
significant research interest. For an overview of fixed point theory and surrounding
topics, readers may refer to the monographs by Goebel and Kirk [9], Takahashi
[35], and Goebel [8].

Following Baillon [3] and Shimizu and Takahashi [33], Atsushiba and Takahashi
[2] introduced the following iterative scheme using a mean-valued sequence:

1 n—1ln—1 -
(L.1) Tpt1 :an:cn—i—(l—an)ﬁzzs T x,
k=0 1=0

for all n € N. In (1.1), an initial point x; € C' is arbitrarily given and S,7: C — C
are commutative nonexpansive mappings. The sequence {a,} (C [0, 1]) is required
to satisfy certain conditions. Atsushiba and Takahashi proved a convergence the-
orem that weakly approximates a common fixed point of S and T in a framework
of a Banach space. Using mean-valued sequences, Kondo [20] proved the following
theorem:

Theorem 1.1 ([20]). Let C' be a nonempty, closed, and convex subset of H. Let
S, T : C — C be quasi-nonexpansive and mean-demiclosed mappings such that
F(S)NF(T)# 0. Let Pp(synp(r) be the metric projection from H onto F(S) N
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F(T). Let {an}, {bn}, and {c,} be sequences of real numbers in the interval [0, 1]
such that a,, + b, + ¢, =1 for alln € N, lim,, ,,.a,b, > 0, and lim,,_,,.a,c, > 0.
Define a sequence {x,} in C as follows:

(1.2) x1 € C: given,
1 n—1 1 n—1
Tpyl = ATy + by — E Stz + cn— E Thw,,
n n
1=0 =0

forallm e N={1,2,---}, where {z,} and {w,} are sequences in C' that satisfy
(1.3) lzn —all < llzn =gl and  [jwn —ql| < [lzn —qf

forallge F(S)NF(T) andn € N. Then, {z,} converges weakly to an element T
in F'(S)NF(T), where ¥ = limy, oo Pp($)nF(T)Tn-

In Theorem 1.1, a “mean-demiclosed mapping” is defined as one where any weak
cluster point of a mean-valued sequence (as defined in (1.2)) is a fixed point. This
class of mappings includes nonexpansive mappings as special cases, as described in
Proposition 2.1. Furthermore, more general types of mappings than nonexpansive
mappings also fall within the scope of this theorem, as discussed in the Appendix
in the work of Kondo [22].

The required conditions for the sequences {z,} and {w,} in Theorem 1.1 are
only the ones specified in (1.3). For example, by setting z, = Apx, + (1 — A\y) Ty,
and wy, = p,Tn + (1 — @, ) S,, we obtain the following iterative scheme:

(1.4) Zn = AZn + (1= Ap) Ty,
Wy, = [, Ty + (1 = 1) STy

by ni s* . ni T
T+l = QpTp + Op— Zn + Cn— Wn,s

" =0 "=
where an initial point x; € C is given. The coefficients of convex combinations A,
and p,, are not subject to any restrictive conditions, except for A, u,, € [0,1]. It
can be verified that z, and w, in (1.4) satisfy the conditions in (1.3). Note that
zn (resp. wy,) in (1.4) depends only on the mapping T' (resp. S) at least directly.
The iterative scheme in (1.4) is a two-step scheme, similar to those presented by
Ishikawa [13], Xu [41], Tan and Xu [40], Berinde [4], and Martinez-Yanes and Xu
[28]. Furthermore, three-step iterative schemes can be generated from Theorem
1.1. For instance, consider the following formulation:

Zn = AnZn + (1 = Ay) Swy,

1 n—1 1 n—1
Tptl = ApTy + by — E Sk + Cn— E Tz,.
n n
k=0 =0

The sequence {z,} in (1.5) fulfills the condition ||z, — ¢q|| < ||zn — ¢|| in (1.3). For
three-step iterative methods, see the work of Noor [31], Dashputre and Diwan [7],
Phuengrattana and Suantai [32], and Chugh et al. [6]. Four-step and more general
types of iterative schemes can also be generated from Theorem 1.1. Thus, this
approach can be called an iterative scheme generating method using mean-valued
sequences.
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In 2006, Martinez-Yanes and Xu [28] extended the CQ method by Nakajo and
Takahashi [30] and proved strong convergence theorems for finding a fixed point of
a nonexpansive mapping. Although Kondo [19, 21] applied the Martinez-Yanes and
Xu method with mean-valued sequences, iterative scheme generating methods have
not yet been applied to Martinez-Yanes and Xu type iterative schemes. In 2008,
Takahashi et al. [36] proved a strong convergence theorem using metric projections
on shrinking sets. Their method is known as the shrinking projection method. In
2023, Kondo [22] applied iterative scheme generating methods with mean-valued
sequences to the CQ method and shrinking projection method and obtained various
strong convergence theorems.

In this study, we generalize iterative scheme generating methods using mean-
valued sequences. Theorem 1.1 is obtained as a corollary from our result (Theorem
3.1). An iterative scheme generating method with the shrinking projection method
addressed in Kondo [22] is also extended (Theorem 4.1). Subsequently, we apply
this method to the Martinez-Yanes and Xu iterative scheme with the shrinking
projection method (Theorem 5.1). This approach clarifies the difference between
the conventional shrinking projection method and that incorporating the Martinez-
Yanes and Xu method. By assuming several additional conditions, the proposed
iterative scheme generating method can be applied to the Martinez-Yanes and Xu
method. Our results yield various types of iterative schemes for finding common
fixed points, including two- and three-step iterative schemes. The target mappings
are of the general type, which are required to be quasi-nonexpansive with a con-
dition regarding mean-demiclosedness. This class includes nonexpansive mappings
and numerous other more general types of mappings.

The remaining article is organized as follows: Section 2 summarizes background
information. Section 3 proves a Mann type [27] theorem that generalizes Theo-
rem 1.1. Section 4 provides a generalized version of the iterative scheme gener-
ating method with the shrinking projection method. Section 5 elaborates upon
the Martinez-Yanes and Xu iterative scheme with the shrinking projection method.
Section 6 presents two iterative schemes derived from the result in Section 5 to
demonstrate the applicability of the proposed approach. Section 7 concisely con-
cludes this article.

2. PRELIMINARIES

This section provides basic information and results. Let {x,} be a sequence
in a real Hilbert space H and let x be an element in H. We use the notation
x, — x for strong convergence and x, — x for weak convergence. A sequence
{zn} converges weakly to x if and only if for every subsequence {z,,} of {z,},
there exists a subsequence {xnj} of {x,,} such that T, — . A closed and convex
subset of H is weakly closed.

Let z,y,2z € H and let a, b, ¢ € R such that a+b+c = 1. According to Maruyama
et al. [29] and Zegeye and Shahzad [42], the following relation holds:

(21) ez + by + cz|”

2 2 2 2 2 2
= allz|” +ollyll” + cllzlI” = abllz —yl|” = belly — 2[|” — callz — =[]
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For (2.1), assumptions a,b,c € [0,1] are not necessary. If a,b,c € [0,1], then the
following expression holds:

(2.2) laz + by + c2||* < allz|* + bllyl|* + cll=]|* .

Let F' be a nonempty, closed, and convex subset of H. A metric projection from H
onto F' is denoted by P, that is, ||x — Prz|| < ||z — h|| for all x € H and h € F.
The metric projection P is nonexpansive and satisfies

(2.3) (x — Ppx, Prz—h) >0 and
(2.4) lz = Pra|* + || Pra — h||* < |l= - A||*

for all x € H and h € F. Let C' be a nonempty, closed, and convex subset of H.
Then, a set D defined by

(2.5) D={heC:0<(x, hy+d}

is closed and convex, where x € H and d € R, as indicated in Lemma 1.3 in the
work of Martinez-Yanes and Xu [28].

A mapping S : C — H with F (S) # 0 is termed quasi-nonezpansive if ||[Sx — q|| <
|z — g for all z € C and g € F(S). The set of fixed points of a quasi-nonexpansive
mapping is closed and convex, as indicated by Itoh and Takahashi [14]. A nonex-
pansive mapping with a fixed point is quasi-nonexpansive. Although the following
proposition has already been proved in previous studies in more general forms
(Lemma 3.1 in Kondo and Takahashi [25] or Lemma 2.3 in Kondo [20]), we present
a proof here because the property of a mapping shown in the following proposition
is important for this study.

Proposition 2.1 ([25]; see also [20]). Let S : C — C be a nonexpansive mapping,
where C is a nonempty, closed, and convex subset of H. For a bounded sequence
{zn} in C, define Z,, = %27;01 S'2, (€ C) for alln € N. Let Z,, — p, where
{Z,,} is a subsequence of {Z,}. Then, p € F (S) holds.

Proof. As C is closed and convex, it is weakly closed. As {Z,,} is a sequence in C
and Z,, — p, we have that p € C. Hence, Sp (€ C) exists. Our aim is to show that
Sp = p. As S is nonexpansive, it follows that

5"+ 20 = Sp|* < [|5"z0 —p|
for all n € N and [ € NU{0}. From this, we have
15" 2 = Sp|* < [|S"20 = Sp|* +2(S"20 = Sp, Sp—p) + ISp—l*.

Summing these inequalities with respect to [ from 0 to n — 1 and dividing by n
yields

1 1
15"z — Spl* < iz — Spl* +2(Z, — Sp, Sp—p) + |1Sp —pl”.
As % 1Sz, — SpH2 > 0, we have
1
0< L ew - 50l + 22, — 5. Sp—p) + 50 I

for all n € N. Recall that {z,} is bounded and Z,,, — p is assumed. Replacing n
by n;, we obtain
0<2(p—Sp, Sp—p)+|Sp—p|*
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by taking the limit as i — co. This implies that 0 < — ||Sp — p||*>. Thus, Sp = p.
This completes the proof. ([l

Following the work of Kondo [17], we term a mapping S : C — C mean-
demiclosed if

(2.6) Zy, — p (weak convergence) = p € F(S)

under the setting of Proposition 2.1. According to Proposition 2.1, a nonexpansive
mapping is mean-demiclosed.

In the next section, we focus on mappings that are quasi-nonexpansive and
mean-demiclosed. Although this class of mappings contains nonexpansive mappings
as special cases, it also includes more broad classes of mappings. For example,
generalized hybrid mappings [16], normally generalized hybrid mappings [39], 2-
generalized hybrid mappings [29], and normally 2-generalized hybrid mappings [24]
are quasi-nonexpansive and mean-demiclosed if they have fixed points. Information
regarding these types of mappings can be found in the Appendix in the work of
Kondo [22].

The following lemma is used in the proof of Theorem 3.1:

Lemma 2.1 ([37]). Let Pg be the metric projection from H onto F, where F is a
nonempty, closed, and convex subset of H. Let {x,,} be a sequence in H such that

(2.7) [2n1 = all < llzn — 4

for allq € F and n € N. Then, {Ppx,} is convergent in F. In other words, there
exists T € F such that Ppx, — T.

For the remaining analysis, we assume that there exists a common fixed point
of nonlinear mappings. The following is a simplified version of classical results
demonstrated in 1965 by Browder [5], Gohde [10], and Kirk [15] in frameworks of
Banach spaces:

Theorem 2.1 ([5, 10, 15]). Let C' be a nonempty, closed, convex, and bounded
subset of H. Let S,T : C — C be nonexpansive mappings such that ST = TS.
Then, S and T have a common fized point.

For common fixed point theorems for more general types of mappings, see the
works of Hojo [11], Kondo [18], and articles cited therein.

3. MANN METHOD

This section presents one of the main theorems of this article, which shows
how to approximates common fixed points of two quasi-nonexpansive and mean-
demiclosed mappings. Recall that nonexpansive mappings with fixed points are
quasi-nonexpansive. Furthermore, from Proposition 2.1, nonexpansive mappings
are mean-demiclosed. Hence, the theorem can be applied to nonexpansive mappings
under the assumption that the mappings have a common fixed point. The basic
elements of the proof draw upon various previous studies, e.g., [16, 23, 26, 29, 39].

Theorem 3.1. Let C be a nonempty, closed, and convex subset of a real Hilbert
space H. Let S,T : C — C be quasi-nonexpansive and mean-demiclosed mappings

such that F (S)NF (T) # 0. Let {an}, {bn}, and {c,} be sequences of real numbers
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in the interval [0,1] such that a, + b, + ¢, = 1 for all n € N, lim,,_.oca,b, > 0,
and lim,,_,anc, > 0. Define a sequence {xz,} in C as follows:
x1 € C: given,

n—1 n—1

1 1
3.1 n — UnYn bnf Sln n Tl n
(3.1) Tntl = QnYn + n§z+cn;w

for all n € N, where {yn}, {zn}, and {w,} are sequences in C that satisfy

B2) My —dl <lon —dall, Nzw —all < llzw —all, lwa =gl < [z —qll
forallqe F(S)NF(T) and n € N and
(3.3) Tn —Yn — 0

asn — oo. Then, {x,} converges weakly to an element T in F (S) N F (T), where
T = limy, oo Pr($)nF(T)Tn-

Proof. Define

n—1 n—1

1

1
-~ ; Slz, and W, = -~ ; T w,,

for all n € N. As C is convex, Z,, and W,, are elements in C. Now, we can simply
state that T, 11 = apyn + bnZn + cn W, (€ O).
Observe that

(3.4) 1Zn = all < llzn —gll and [[Wy, —q|| < [lwn — 4

for all ¢ € F(S)NF(T) and n € N. Indeed, as S is quasi-nonexpansive and
qge F(S)NF(T)C F(S5), it follows that

1n71
ﬁ;sl'z” —q

=0
n—1

Zn =

1
. Z, —q| = -
(35) 120~ al .

n—1
Z Sz, — ng
1=0

n—1
Z (Slzn - Q)

1
<=2 18"~
=0 " =0

1 n—1
n Z [2n — qll = llzn — ql|-
=0

Similarly, the second part of (3.4) also holds true as T is quasi-nonexpansive and
qge F(S)NF(T)cC F(T).
We verify that
(3.6) [2nt1 = gl < llzn — 4l
for all g € F'(S)NF (T) and n € N. Indeed, from (3.4) and (3.2), it follows that
[#nt1 = qll = llanyn + bnZn + cn Wy — g
= [lan (yn — @) + by (Zn — @) + ¢ (Wn = q)|
< an [[yn = all + bn 1Zn = gl + cn [Wn — 4
<an ”yn - q” + b ||z — QH +cn Hwn - QH

1
n

IA

< ap o —qll +bn |20 — qll + cn |20 — 4]
= |lzn —ql.
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Thus, (3.6) holds as claimed. According to (3.6), the sequence {||z, —q||} is
convergent for all ¢ € F(S)N F(T), and {x,} is bounded. Furthermore, from
Lemma 2.1, we have that {PF(S)QF(T)xn} is convergent in F' (S) N F (T). Thus,
T =1im, o Pp(s)np(r)Tn exists in F (S) N F (T).

Next, we aim to demonstrate that

(3.7) Yn — Zn — 0 and y, — W, —0
as n — oco. Here, ¢ € F (S)N F (T) is arbitrarily selected. Using (2.1), (3.4), and
(3.2), we obtain the following expressions:
2
[2nt1 — 4l
= llan (Yn — @) +bn (Zn — @) + cn (Wy — Q)H2
= an ”yn - Q||2 + by HZn - QHQ +cn ||Wn - QH2
—anby ||yn — Zn||2 —bnen || Zy — VVn”2 — Cnty [|[Wy — yn”2

2 2 2
< anlyn —all” + b llzn — all” + cn lwn — 4|
—anby ||yn — ZnH2 = bpen | Zn — Wn||2 — cpn [|[Wy — yn||2
< anl|zn — Q||2 + b (|20 — QH2 +enllzn — Q||2

—anby ||yn — ZnH2 = bnen | Zn — Wn||2 — Cpn [|[Wy — yn”2
= ”zn - QHQ
2 2 2
—anby [[Yyn — ZnH — bncn HZn - Wn” — Cpln [[Wy — yn|” .
AS bycy || Zn — Wyl > 0, we obtain
anbn ||yn - ZnH2 + AnCp ||yn - I/Vn”2 § ||xn - QHQ - ||$n+1 - qH2 .

As {||z,, — q||} is convergent, we have from the assumptions lim,_,sanb, > 0 and
lim,,00@nc, > 0 that (3.7) holds true as claimed.
Observe that

(3.8) Ty —Zpn — 0 and z, — W, — 0
as n — oo. Indeed, from (3.3) and (3.7), it follows that
20 = Znll < llzn = ynll + lyn — Znl — 0

as n — oo. Similarly, we can show that z,, — W,, — 0.

Our goal is to prove that z,, — 7 (E limg_ o0 PF(S)QF(T)xk). To this end, it is
sufficient to show that for any subsequence {x,, } of {x,}, there exists a subsequence
{xn,} of {xy,} such that z,,;, — Z. Let {y,} be a subsequence of {z,}. As {zy,}
is bounded, there exists a subsequence {xnj} of {xy, } such that x,, — p for some
p € H. From (3.8), we have that Z,,, — p and W, — p. As S and T are mean-
demiclosed (2.6), we obtain p € F (S) N F(T). From (2.3), it follows that

(Tn, — Pr(s)nF(1)Tn;, Pr(s)nr(r)Tn;, —p) =0

for all j € N. As x,,;, — p and Pp(s)np(1)Tn — 7, it holds in the limit as j — oo
that (p —Z, T —p) > 0. Thus, p = Z. This indicates that x,, — Z. The proof is
thus complete. (I
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Setting y,, = z,, for all n € N in Theorem 3.1, we obtain Theorem 1.1 as a corol-
lary. Therefore, the iterative schemes (1.4) and (1.5) presented in the Introduction
are generated from Theorem 3.1. In (3.1), the idea using a sequence {y,} that
satisfies ||y, — q|| < ||zn — ¢|| and 2, — y,, — O instead of {z,} is derived from the
recent work of Kondo [23].

4. TAKAHASHI-TAKEUCHI-KUBOTA METHOD

This section presents a strong convergence theorem for finding a common fixed
point of two nonlinear mappings. We use the shrinking projection method proposed
by Takahashi et al. [36] together with mean-valued sequences. The basic element
of the proof has been developed in many prior studies, for instance, [12, 17, 22, 38].

For proving theorems in the following sections, we relax a condition pertaining to
mappings, compared with that in Theorem 3.1. Consider the following setting: Let
C be a nonempty, closed, and convex subset of a real Hilbert space H. Moreover,
let S: C — C with F(S) # 0 and let {z,,} be a bounded sequence in C. Define
Z, = 2377} Sz, (€ C). Following Kondo [17], consider the following condition:

(4.1) Zn; — p (strong convergence) = p € F'(5),

where {Z,, } is a subsequence of {Z,}. A mean-demiclosed mapping (2.6) satisfies
the condition (4.1), and thus, broad classes of mappings, including nonexpansive
mappings, satisfy this condition (4.1). In the following analysis, quasi-nonexpansive
mappings with the condition (4.1) are considered.

Theorem 4.1. Let C be a nonempty, closed, and convex subset of a real Hilbert
space H. Let S,T : C'— C be quasi-nonexpansive mappings that satisfy the condi-
tion (4.1). Suppose that F (S)NF (T) # 0. Let {an}, {bn}, and {c,} be sequences
of real numbers in the interval [0,1] such that an, + by, + ¢, = 1 for all n € N,
lim, o0 anby, >0, and lim,,_ocanc, > 0. Let {u,} be a sequence in H such that
u, — u (€ H). Define a sequence {x,} in C as follows:

ry=x € C: given,

C, =C,
1n—l 1n—1
Xn: nYn bnf Sln n Tl noy
AnYn + n; Z+Cn; w

Cnt1=1{h € Cp : [|Xn, = hl| < |[zn — A},
anrl = PC”+1UTL+1

for all n € N, where {yn}, {2z}, and {w,} are sequences in C' that satisfy

42)  lyn—dl <llen —all, Nzn —aqll < llzn —qll, Nlwn —gll < llzn — 4
forallqe F(S)NF(T) and n € N and
(43) Tn —Yn — 0

asn — oo. Then, {x,} converges strongly to an element u in F (S)NF (T), where
u = Pp(s)nF(T)U-
Proof. In this proof, we use again the notation

n—1 n—1
1 1
anfE:Sln deszjT’n
nl_o z. an nl—o w.
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for simplicity, where {z,} and {w,} are given. As C is convex, {Z,} and {W,,} are
sequences in C. In this case, X,, = anyn + bnZ, + c, W, (€ O).

We show that (a) C,, is closed and convex, (b) F (S)NF (T) C C,, for alln € N,
and (c) the sequences {x,},{yn},{2n},{wn},{X,} in C and {C,} are properly
defined. First, we consider the case in which n = 1.

(i) Given z; € C; (= C), we can choose ¥y, 21, and w; € C such that (4.2) and
(4.3) are satisfied for n = 1. For instance, if we set y; = 21 = w; = x1, then the
condition (4.2) is fulfilled. With similar settings for all n € N, the condition (4.3)
will be satisfied. With x1,y1, 21, w1 € C, X7 and C5 are defined as follows:

X1 = a1yr + b1Z1 +c1Wyp € C and
Cy = {h eC: HXl — h” < ||2131 — h”}

As (] is closed and convex, Cs is also closed and convex. We verify that F (S) N
F(T)CCsy Let ge F(S)NF (T)(C Cy). It follows from (4.2) that

X1 —ql| = laiys + 0121 + W1 —q||
= |la1y1 + b1z1 + crwr — q||
< ay[lyr — qll + b1 [|z1 — gl + e1 [Jwr — g
<ayflzy —qll + by flze — gl + e flza = gll = [z — 4l
which means that ¢ € Cy. Therefore, F' (S) N F (T) C Cs as claimed. As F'(S)N
F(T) # 0 is assumed, we have Cy # (). Consequently, the metric projection P,
exists and x9 = Po,u9 is defined.

(i) Given zg € Cy (C Cy = C), we can choose ya, 22, and wy € C such that (4.2)
and (4.3) are satisfied for n = 2. Furthermore, X5 and C3 are defined as follows:

Xo = agys + b2 2o + co W5 € C and
Cs = {h e (Cy: HXQ — h” < ||$2 — h”}

Using the same reasoning as that in the case of (i), we can verify that Cj5 is closed

and convex and F (S)NF (T) C C5. As F(S)NF (T) # 0 is assumed, it holds that

C3 # (. Thus, the metric projection Pg, exists and x3 = Pc,ug is defined.
Repeating the same analysis, we can prove (a), (b), and (c¢) as claimed.

Define u,, = Po,u(€ C,). As C,, C Cp,—1 C --- C C1 = C, {1, } is a sequence in
C. Asu, = Pc,uand F(S)NF (T) C Cy, it follows that

(4.4) [ =T < Jlu—qf

for all ¢ € F(S)N F(T) and n € N. This outcome shows that {@,} is bounded.

Furthermore, as u,, = Pc,u and U, = Pg, ,u € Cp11 C Cp, we obtain that

[ = 8n || < flu = Una|

for all n € N. This shows that the sequence {||u — @, ||} of real numbers is monotone
increasing. As {@,} is bounded, {|lu —@,||} is also bounded. Thus, {||u —u,]| } is
convergent.

Subsequently, we demonstrate that {@,} is convergent in C. In other words,
there exists w € C' such that

(4-5) Uy — U.
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Let m,n € N such that m > n. As @, = Pc,u and u,, = Po, u € Cp,, C Cy, we
have from (2.4) that
flu — ﬂn”2 + @, — ﬂmHz < lu— EmHQ .

As {]|u — @,||} is convergent, it can be stated that @,, —@,, — 0 as m,n — oco. This

indicates that {w,} is a Cauchy sequence in C. As C is closed in a real Hilbert

space H, it is complete. Hence, there exists w € C such that u, — u as claimed.
Next, observe that {x, } has the same limit point, that is,

(4.6) Ty — T.
Indeed, as the metric projection Pc, is nonexpansive and u, — w is assumed, it
follows from (4.5) that
|zn — || < ||z — Un|| + |[@n — 7|

= || Pc, un — Po,ull + ([, — |

< lJun — ul| + [[an, —2l] — 0
as claimed. As {x,} is convergent, it is bounded.

We prove that
(4.7) Zn — X, — 0.
Indeed, as {z,} is convergent, it holds that z, — z,41 — 0. From z,,3 =
Pe,  unt1 € Cpya, it follows that || X, — 2p41]| < ||#n — @pg1|| — 0. Therefore,
we have
20 — Xnll < lzn — g1l + [|[2ng1 — Xal| = 0

as claimed. As {z,} is bounded, {X,} is also bounded according to (4.7).
Now, note that

(4'8) ”Zn - QH S Hzn - QH and HWn - q“ S ||wn - q”

for all ¢ € F(S)N F(T) and n € N. These inequalities in (4.8) can be proved in
the same manner as (3.5), given that S and T are quasi-nonexpansive. Using (4.8),

we demonstrate that
(4.9) Yn — Zp — 0 and y, — W, — 0.

Here, we arbitrarily select ¢ € F (S)NF (T). From (2.1), (4.8), and (4.2), it follows
that

1, — ql”
= llan (yn — @) +bn (Zn — @) + cn Wy — q)
= anllgn = all® +bn [ Z0 = all* + e [Wo — gl

—anby [|yn — Zn||2 —bnen | Zn — VVn”2 — Cnln [Wy — yn||2

2
I

< anHyn—qHQ+bn|\zn—q||2+cn”wn7q||2
—anbn ||yn — ZnH2 = bnen | Zn — Wn||2 — Cpn [|[Wy — ynH2
< anl|zn — Q||2 + by || — QHQ +en llon — Q||2

—anby [|yn — ZnH2 = bnen || Zn — Wn||2 — Cnay [|[Wh — yn||2
2
= |lzn —ql
2 2 2
—anby [|Yyn — Zn||” = bncn | Zn — Wa || — cnan [[Wa — yul|” .
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As byen |1 Zn — W,LH2 > 0, it follows that
by ||yn — Zn”2 + ancn ||yn - Wn‘lz
< [l — glf* = [ X0 — gl
< (lon = gl + 11X = alD) [lzn — qll = 1 X5 — 4l
< (I = all + 1 X0 = qll) lon — Xal|-
As {z,} and {X,} are bounded, we obtain (4.9) from (4.7) and the assumptions

lim, oo apb, > 0 and lim, . a,c, > 0.
Next, we show that

(4.10) Ty — Zy — 0 and z, — W, — 0.
Indeed, from (4.3) and (4.9), it holds that
20 = Znll < ll2n = ynll + lyn — Znl — 0.

The second part in (4.10) can be similarly verified.

From (4.6) and (4.10), we have Z,, — @ and W,, — @. Therefore, from (4.1), we
obtain w € F (S)N F (T).

Finally, we demonstrate that
Asu e F(S)NF(T) and u = Pp(s)np(1)U, it is sufficient to show that |lu — || <
lu—al|. Asu e F(S)NF(T), from (4.4), it holds that ||u — @, | < ||u — @||. From
(4.5), we obtain ||u — u|| < ||u — u||. Thus, we have that @ = . Given (4.6), it can
be stated that x,, — @ (= u). This completes the proof. O

Setting y,, = x, in Theorem 4.1 yields the following corollary, corresponding to
Theorem 4 in the work of Kondo [22]:

Corollary 4.1 ([22]). Let C be a nonempty, closed, and convex subset of H. Let
S, T : C — C be quasi-nonexpansive mappings that satisfy the condition (4.1).
Suppose that F (S)NF(T) # 0. Let {an}, {bn}, and {c,} be sequences of real
numbers in [0,1] such that an + by, + ¢, = 1 for all m € N, lim,, ., ocanb, > 0, and
lim, . ooanc, > 0. Let {u,} be a sequence in H such that u, — uw(€ H). Define a
sequence {x,} in C as follows:

r1=x € C: given,

C,=0C,
1n71 17171
Xn: ndn bn* Sl n n Tl ny
aAnTy + n; z —&—cn; w

Cns1={h € Cpn: [ Xy = hl| < [lzn — |},

xn+1 = PC,,,_HunJrl
for all n € N, where {z,} and {w,} are sequences in C that satisfy
(4.11) o — gl < lzn —gll ond lwn — gl < ko —dl

forallqe F(S)NF(T) and n € N. Then, {x,} converges strongly to an element
uin F(S)NF(T), where © = Pp(s)np(T)u-

From this corollary, various types of iterative schemes can be generated, as dis-
cussed in Section 5 in Kondo [22].
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5. MARTINEZ-YANES AND XU METHOD

This section presents a strong convergence theorem for finding a common fixed
point of nonlinear mappings. We use the Martinez-Yanes and Xu iterative method
(see Theorem 2.1 in [28]) alongside the shrinking projection method [36] and mean-
valued sequences. To the authors’ best knowledge, this is the first attempt to apply
the iterative scheme generating method to the Martinez-Yanes and Xu method.
The fundamentals of the following proof have been improved in many studies; see,
for instance, [1, 19, 21].

Theorem 5.1. Let C' be a nonempty, closed, and convex subset of a real Hilbert
space H. Let S,T : C — C be quasi-nonexpansive mappings that satisfy the condi-
tion (4.1). Suppose that F (S)NF (T) # 0. Let {an}, {bn}, and {c,} be sequences
of real numbers in the interval [0,1] such that an + by, + ¢, = 1 for allm € N,
lim, . o0a,b, > 0, and lim,_,anc, > 0. Let {u,} be a sequence in H such that
u, — u (€ H). Define a sequence {x,} in C as follows:

r1=x€C: given,

C, =0,
17171 1nfl
Xn: nYn bn* Sln n Tl "y
anYn + n; Z+Cn; w

Cusr = {h € Co: X0 = BI* < an llgo = Bl + bu l120 = B> + o llon — Bl },
Tn+1 = PCnJrl Un41

for all n € N, where {yn}, {zn}, and {w,} are sequences in C' that satisfy

(51 Myn —dall <llzn—all, Nzn —all < llwn —alls Nwn —all < [lzn —qll
forallge F(S)NF(T) and n € N and
(5.2) Tp—Yn—0, T, —2, —0, z, —w, —0

asn — oo. Then, {z,} converges strongly to an element @ in F (S)NF (T'), where
U = Pp(s)np(T)U-

Remark 5.1. In the definition of Cy41,
2 2 2 2
| Xn — hH <ap ||yn — h||” + by Hzn —hl|" +cn Hwn — ||

(53) = 0<a, ||yn||2 +bn ||Zn||2 +cn HwnH2 - HXnH2
=2 (ayy, + bz, + cw, — Xp, h)

2 2 2 2
(54) < X = hl> < g = AP+ b0 (20l = Iyl +2 (20 = g, 1)

2 2
en (Jlwenl® = lyall® +2 wn = o, 1)

From (5.4), we can see that Theorem 5.1 corresponds to the Martinez-Yanes and
Xu type. According to (2.5) and (5.3), the set Cyq1 is closed and convex if Cy, is
closed and convezx, given Xy, Yn, 2n, W, € C and an, by, c, € R.

Proof. We again use the notation
n—1

n—1
1 1
Z,,:—§ Sz, de=—§ T w,,
nl_o Z. an nl_o w.
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where {z,} and {w,} are given. The mean-valued sequences {Z,} and {W,} lie in
C as C is convex. Then, we have X,, = a,y, + bpZ,, + c, Wy, (€ C).

We prove that (a) C, is closed and convex, (b) F(S) N F(T) C C, for all
n € N, and (c) the sequences {z,}, {yn}, {zn}, {wn}, and {X,,} in C and {C,}
are properly defined. We start with the case of n = 1.

(i) Given z7 € Cy (= C), we can choose y1, 21, and w; € C such that (5.1) and
(5.2) are satisfied for n = 1. For example, setting y; = 21 = wy = 1, the condition
(5.1) is satisfied. Furthermore, by choosing yy, z,,w, in a similar manner for all
n € N, the condition (5.2) will be satisfied. With x1,y1, 21, w1 € C, X7 and Cs are
defined as follows:

Xi=a1y1 + 01 Z1 + Wy
=a1y1 + 0121 + cawy € C and

Oy = {h €0 |1 X1 —hl* <ayllyr — Bl + 01 |21 — hl® + e JJws — h||2}.

From (2.5) and (5.3), we see that Cy is closed and convex as C; is closed and
convex. Observe that F(S) N F(T) C Cy. Choose ¢ € F(S)N F(T)(cC Cy)
arbitrarily. Using (2.2), we have

IX1 = qll* = llaxys + brzs + crws — gl
= [la1 (y1 — @) + b1 (21 — @) + e1 (w1 — g)|”
< arllyr = ql® + b1 [z —ql* + e fJon — gl
This indicates that ¢ € Cy. Thus, F (S)NF (T) C Cy as claimed. As F (S)NF (T) #
() is assumed, C5 is also nonempty. Consequently, the metric projection Pg, exists
and x9 = Po,us is defined.
(i) Given zg € Cy (C Oy = C), we can choose ya, 22, and wy € C such that (5.1)

and (5.2) are satisfied for n = 2. With these elements, X, and Cj are defined as
follows:

Xo = agys + baZs + ca Wy
1 1
= asys + b2§ (22 + Sz2) + 025 (we + Twy) € C and
Oy = {h €0y | Xs—hl|> < azllye — Al + b2 |22 — hlJ* + c2 |Jws — h||2} .

Using the same reasoning as in case (i), we can verify that Cj is closed and convex
and F(S)NF(T) Cc Cs3. As F(S)NF(T) # 0 is assumed, C3 # 0. Thus, the
metric projection Pg, exists and x3 = Pc,us is defined.

Repeating the same analysis, we can prove (a), (b), and (c).

Define @, = Po,u € C,. As the sequence {C,} of sets is shrinking, that is,
Cp,CCyh_yC---CCy=0C, {u,} is a sequence in C. Observe that

(5-5) [ — | < Jlu—qf

for all ¢ € F/(S)NF(T) and n € N. This follows from the definition @, = Pc,u
and the fact that ¢ € F(S)N F (T) C Cy,. Then, from (5.5), {@,} is bounded.
Next, we show that

(5.6) [ = Tn | < flu—Upial
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for alln € N. As%,, = Pg,u and U,41 = Pg,,u € Cpq1 C Gy, the inequality (5.6)
follows, which means that {||u — @,||} is monotone increasing. As {u, } is bounded,
{]lu — @, ||} is a convergent sequence in R.

We claim that the sequence {4, } is convergent in C, that is, there exists w € C
such that
(5.7) Uy, — T.
To prove this, we verify that {u,} is a Cauchy sequence in C. Let m,n € N such
that m > n. As @, = Po, u and @,, = Pg,,u € C,, C C,,, using (2.4), we have

= @ll? + [ = Tl® < o = T

Given that {||u —w,||} is convergent, it follows that u, — u,, — 0 as m,n — oo.
Thus, {u,} is a Cauchy sequence in C. As C is closed in H, it is complete.
Consequently, there exists w € C' such that u,, — u as claimed.

Next, we demonstrate that {z,} has the same limit point, that is,

(5.8) Ty — T

As the metric projection is nonexpansive, from (5.7) and the assumption w,, — u,
it follows that

= |Pe,un — Po,ull + [[u, —ul|
< Jun — ul| + [[an —al| — 0.

Thus, (5.8) holds true as claimed. This implies that {z,} is bounded. From (5.1),
{yn}, {zn}, and {w,} are also bounded.
As {x,} is convergent, the following expression holds:

(5.9) Ty — Tpt1 — 0.

Next, observe that

(5.10) Xn — Tpt1 — 0.
Indeed, as 11 = Pc, ., unt1 € Cry1, we have
(5'11) ||Xn - xn—HHQ
< anllyn — $n+1H2 +bn |20 — xn+1||2 + e |lwn — $n+1H2
< an ([|yn — @nll + |70 — mn+1||)2 + b0 (120 — 2n|| + |27 — xn+1||)2

+en ([lwn — znll + |lzn — xn+1||)2 .

From (5.2) and (5.9), we obtain X,, — x,+1 — 0 as claimed. From (5.9) and (5.10),
we have z,, — X,, — 0. As {z,} is bounded, {X,} is also bounded.
Note that

(5'12) ”Zn - QH S Hzn - (J” and HWn - q“ S ||wn - (J”

for all ¢ € F'(S)N F (T) and n € N. The inequalities in (5.12) can be proved in a
similar manner as (3.5). We aim to demonstrate that

(5.13) Yn — Zp — 0 and y, — W, — 0.
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Let ¢ € F(S)N F(T). From (2.1), (5.12), and (5.1), we obtain the following
expressions:

1Xn — qfl?
= lan (yn = @) + b0 (Zn — @) + cn (Wn —q)
= anllyn —all* + b0 1 Z0 = all* + e | W — glf?
—anby ”yn - Zn”2 —bnen ”Zn - WnH2 — CpQp ”Wn - yn||2
an [y = al” +bn |20 = all* + cn wn — q)®
—anby ||yn — Zn||2 —bnen || Zy — WnHZ — cpan [|[W, — yn||2

2
|

IN

IA

an [|zn — ‘1”2 + b |25 — QHQ + cn |2 — q”2
—anbn || TYn — Zn”2 —bnen || Zn — WnH2 — iy || Wy — yn||2
= lzn —al?
—anby [|Yyn — ZnH2 —bnen |12 — Wn||2 — Cply || Wy — yn||2 .
AS bucy | Zn — Wy||? > 0, we have

anbn |[yn — Zn”2 + ancn [|yn — WnHZ

< Jlwn = all” = 1, — al®

< (on — gl + 11X = alD) [lzn — qll = 1 X — gl

< (lzn = all + 1 X0 = qll) llzn — Xal|-
Recall that {z,} and {X,,} are bounded and z,, — X,, — 0. Using the hypotheses
lim,, .ca,b, > 0 and lim,,_,,ca,c, > 0, we obtain in the limit as n — oo that

Yn — Zn — 0 and y, — W,, — 0 as claimed.
Then,

(5.14) Ty — Zn — 0 and z, — W, — 0.
In fact, using (5.2) and (5.13), the following expression can be derived:
”xn - Zn” < ”fEn - yn” + Hyn - Zn” — 0.

The second part in (5.14) can be similarly obtained.

From (5.8) and (5.14), it follows that Z,, — @ and W,, — u. As S and T satisfy
the condition (4.1), we obtain w € F (S) N F (T).

Our goal is to prove that x,, — u. From (5.8), it is sufficient to show that

" (: T, = Tim ‘”") =1 (= Pps)nr(mu) -

Applying (5.5) for ¢ = © € F(S) N F(T), we have ||u —u,| < |lu—1a] for all
n € N. From (5.7), we obtain ||lu—a| < |lu—u||. Asw € F(S)nN F(T) and
U = Pp(s)nr(T)u, this indicates that 7 = 4. According to (5.8), we can state that
2, — u. This completes the proof. O

Remark 5.2. We compare Theorems 5.1 and 4.1 focusing on conditions (5.2) and
(4.3). In Theorem 5.1, the additional conditions x,, — z, — 0 and x, —w, — 0 are
required. These assumptions are used in (5.11) when taking the limit as n — co.

From Theorem 5.1, the following corollary is obtained:
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Corollary 5.1 ([21]). Let C be a nonempty, closed, and convex subset of H. Let
S, T : C — C be quasi-nonexpansive mappings satisfying the condition (4.1). Sup-
pose that F (S)NF (T) # 0. Let {\.}, {pn}, {vn}, {£,}, and {0,,} be sequences of
real numbers in the interval [0,1] such that Ay, + p,, +vn+&,,+ 0, =1 for alln € N
and A, — 1. Let {X\,}, {u,}, {v},}, {&,}, and {0,,} be sequences of real numbers
in [0,1] such that X, + ul, +v), + &, + 0., =1 for alln € N and \,, — 1. Let {a,},
{bn}, and {c,} be sequences of real numbers in [0,1] such that a,, + b, + ¢, =1 for
all n € N, lim,, ,0anb, > 0, and lim, ,an,c, > 0. Let {u,} be a sequence in H
such that u, — u (€ H). Define a sequence {x,} in C as follows:

(5.15)

r1 =z €C: given,

Cy=C,

n—1 n—1

1 1
n = A+ 1, S0+ v T2 + €= > S'an +0,— > Tlay,
z Ty + 1, STy +vnTx §nnl:0 x "2 T

1 n—1 . 1 n—1 .
Wy = Ny, + iy Sy + Vo Ty + 5;5 Z S'xy, + 9;5 Z T 'z,
1=0 1=0
1 n—1 1 n—1
X, =apr, + bng ; Slzn + cnﬁ ; len,

Crpr = {h €Ot | Xn — hl|? < an ||zn — hl|® + bn |20 — B> + cn |wn — h||2} ,
Tp+1 = PC'”+1U7L+1

for all n € N. Then, {x,} converges strongly to an element w in F (S) N F (T),
where U = Pp(s)np(T)U-

Proof. First, we ascertain that (a) C,, is closed and convex, (b) F(S)NF (T) C Cy,
for all n € N, and (c) the sequences {x,},{zn},{wn},{Xn} in C and {C,} are
defined properly. To this end, we first consider the case of n = 1.

(i) Given z1 € C; (= C), the elements z1, wq, and X7 in C and the set Cy (C C1)
are defined following the rule (5.15). As C; is closed and convex, C; is also closed
and convex, as discussed in Theorem 5.1. We prove that F (S) N F(T) C Cs.
Arbitrarily select ¢ € F (S)NF (T) (C C1). Then, it follows from (2.2) that

2 2
X1 —qll” = llax (z1 — q) + b1 (21 — @) + 1 (w1 — g
<ayllzr —gql)* + b1 |21 — ql)* + e [Jwr — g,

which implies that ¢ € Cy. Therefore, F' (S) N F(T) C Cy as claimed. From the
assumption F (S) N F (T) # 0, we have Cy # (). From this, the metric projection
Pc, is guaranteed to exist and xo = Po,uo is defined.

(i) Given x4 € Cy (C Cy = (), 22, w3, X2 (€ C) and C3 (C Cz C C4) are defined
by the iterative rule (5.15). We can verify that Cj is closed and convex and F (S)N
F(T) C Cs. As F(S)N F(T) # 0 is assumed, it follows that C3 # (. Thus, the
metric projection Pg, exists and x3 = Pc,us is defined.

By repeating this reasoning, we can ascertain that (a), (b), and (c) hold true as
claimed.
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From Theorem 5.1, it is sufficient to demonstrate that ||z, — ¢|| < ||z, — ¢|| and
lwn —ql| < ||z —¢|| for all ¢ € F(S)N F(T) and n € N, with =, — 2z, — 0 and
ZTp—w, — 0. First, let us prove that ||z, — q|| < ||z, — q|| and ||w, — q|| < ||z — q]l-
Choose ¢ € F(S)NF (T) and n € N. As S and T are quasi-nonexpansive, we can
prove that
(5.16)

< |lzn — gl and < lzn — 4l

1 n—1 1 n—1
'HZSla:n—q ;ZTla:n—q
1=0 1=0

in the same way as (3.5). Using these inequalities yields

|2n — qll

n—1 n—1

1 1
An&p + o, STy + v Ty + 5715 ; Sla, + Gnﬁ ZZ; Tz, —q

< Anllen =gl + pn 1520 — gll + v | T2 — 4
1 n—1 1 n—1
o || =D S — gl 40| = Tlan—q
=0 =0
< lon —all-

Similarly, the expression |w, — q| < ||z, — ¢|| can be proved.

Define w,, = Pc,u € C,. Then, there exists © € C such that w, — 7, as
indicated in (5.7) in the proof of Theorem 5.1. Furthermore, {z,} also converge to
w; see (5.8). Thus, {z,} is bounded. As S and T are quasi-nonexpansive, {Sx,}
and {T'z,} are also bounded. Indeed, for ¢ € F (.5), it holds that
(5.17) [S2all < |Szn — gl + |4l

< [lzn —all + llgll -
As {z,} is bounded, {Sz,} is also bounded. Similarly, {T'x, } is also bounded. Fur-
thermore, the inequalities in (5.16) imply that {% l":_ol Sla:n} and {% ?:_01 Tla:n}
are bounded.

We demonstrate that z, — 2z, — 0 and z,, —w, — 0. As \,, — 1, it follows that
ts Vny €y O — 0. Therefore,

1 n—1
~> T,
1=0

lZn — 2nll

n—1 n—1
1 1
Tn — </\n$n + NnSl'n +vpTxy + Enﬁ § Slxn + enﬁ E TliEn)
=0 =0

1 n—1
~ > Sl
1=0

< (1 =) [[zall + p 1Sz |l + v (| Tnll + €, +0n

— 0.

As A, — 1, we obtain that z,, —w,, — 0 as claimed. From Theorem 5.1, the desired
result follows. 0

6. DERIVATIVE RESULTS

This section presents two convergence results as applications of Theorem 5.1.
Although Theorems 3.1 and 4.1 can also be applied, we exclusively refer to Theorem
5.1 to save space. First, the following corollary is obtained:
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Corollary 6.1. Let C be a nonempty, closed, and conver subset of a real Hilbert
space H. Let S, T : C'— C be quasi-nonexpansive mappings satisfying the condition
(4.1). Suppose that F(S)NF(T) # 0. Let {an}, {bn}, and {c,} be sequences
of real numbers in the interval [0,1] such that an + by, + ¢, = 1 for all m € N,
lim,—00@nby, > 0, and lim, ,ocanc, > 0. Let {\,} and {u,} be sequences of real
numbers in [0, 1] such that A, — 1 and u,, — 1. Let {u,} be a sequence in H such
that u, — u (€ H). Define a sequence {x,} in C as follows:

(6.1) r1 =z €C: given,
=0,
Zn = pyn + (L= p,) T,
Yn = Anzn + (1 — Ay) Szp,

1 n—1 1 n—1
Xn = apYn + bnﬁ ; Slyn + CnE ; lena

Cusr = {h € Cut X = hI* < (@n +ba) 9 = AI* + a1z — bl }
Tpt+1 = PCnJrlun—i-l

for all n € N. Then, {x,} converges strongly to an element © in F (S)N F(T),
where U = Pp(s)np(T)U-

Proof. First, we verify that (a) C,, is closed and convex, (b) F(S)NF(T) c C,
for all n € N, and (c) the sequences {x,},{zn},{yn} . {Xn},{Cn} are properly
defined. We begin with the case of n = 1.

(i) Given z7 € Cy (= C), the elements z1,y1, X1 € C and set Cy (C Cy) are
defined following the iterative rule outlined in (6.1). Note that

(6.2) 1X1 = h)|* < (a1 +b1) [lys — BIf” +c1 |21 — B
== 0< (a1 +b1) lyl” + c1 lza]® = 1K1 )” — 2 (a1 +b1) g1 + 121 — X1, h).

As C} is closed and convex, from (2.5) and (6.2), Cs is also closed and convex. We
demonstrate that F (S) N F(T) C Cy. Let ¢ € F(S)NF(T)(cC Cy). It follows
from (2.2) that

11 — gl = [las (y1 — @) + b1 (y1 — @) + 1 (21 — )|
<arllyr —qlf’ + b1y — all®* + e |2 — gl
2 2
= (a1 +b1) [lyr —qll” +c1llzn — gl

which implies that ¢ € Cy. Hence, F (S) N F(T) C Cs as claimed. From the
assumption F (S)NF (T) # 0, we have Cy # ). Consequently, the metric projection
Pc, exists and xg = Pc,u9 is defined.

(i) Given zg € Cy (C Cy = C), 22,y2, X2 (€ C) and C5 (C Cy C Cy) are defined
by the iterative rule (6.1). We can thus verify that Cj is closed and convex. Fur-
thermore, F (S) N F (T) C Cs, given that S and T are quasi-nonexpansive. As
F(S)NF(T) # 0, Cs is also nonempty. Thus, the metric projection Pe, exists and
x3 = Pco,ug is defined.

Through a similar analysis, we can prove (a), (b), and (c).
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From Theorem 5.1, it is sufficient to demonstrate that ||y, — q|| < ||z, — ¢|| and
lzn. — qll < ||zn —q|| for all ¢ € F(S)NF(T) and n € N, with z,, — y, — 0 and
Ty — 2n — 0.

First, observe that |y, —q| < |lzn —q|| and ||z, —q|| < ||z —q||. Let ¢ €
F(S)NF(T) and n € N. As T is quasi-nonexpansive, the following expression can
be derived:

(6.3) lzn — all = [l (20 — @) + (1 = p,) (T — q) ||
< g 170 — gl + (1 = ) | T2 — 4|
< iy |20 —all + (1 = ) |20 — gl = |20 —ql| -

Using this, we obtain

1yn = all = 1An (20 — @) + (1 = An) (Szn — g
< Anllzn =gl + (1 = An) [[Szn — gl
S A’rL ||Zn - Q|| + (1 - >\n) ||Zn - QH
= llzn —qll < llzn — qll
as claimed.

Define w,, = Pc,u € C),. Similar to the proof of Theorem 5.1, we can show that
there exists w € C such that u,, — @ and x,, — %, as indicated in (5.7) and (5.8) in
the proof of Theorem 5.1. As {z,} is convergent, it is bounded. Moreover, as T is
quasi-nonexpansive, {T'z,} is also bounded, as indicated in (5.17) in the proof of
Corollary 5.1. Furthermore, from (6.3), {z,} is bounded. Therefore, {Sz,} is also
bounded as S is quasi-nonexpansive.

We show that z, — y, — 0 and z,, — 2, — 0. As p,, — 1, it follows that
(6.4) 2n — 2nll = |20 — (@0 + (1 — p1,) Ty ||

< (1= ) 20 = Taall = 0.
Using A, — 1 and (6.4), we have
|2 = ynll = 20 — (Anzn + (1 = An) Sz)|
= [[An (@n = 20) + (1 = An) (zn — Sz)|l
S An Hxn - Zn” + (1 - >\n) ||In - Szn” - O
as claimed. From Theorem 5.1, the desired result follows. (]

The iterative scheme in Corollary 6.1 is a three-step type. For three-step iterative

methods, see Noor [31], Dashputre and Diwan [7], Phuengrattana and Suantai [32],

and Chugh et al. [6]. Set p,, =1 for all n € N in Corollary 6.1. Then, z, = z,,
and the following iterative scheme can be obtained:

Yn = )\nxn + (]- - )\n) Smn,

n—1 n—1
1
X’n, = AnYn + bnﬁ ZZ; Slyn + Cnﬁ ZZ; Tlmna

Cuia = { € Cu |1 Xn = B> < (an +b0) llym — B> + o llzn = II*},

Tni41 = PC,,,+1U7L+17
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where x7 = x € C is given and C; = C. This scheme represents a two-step
iterative scheme. The next corollary also provides a two-step iterative method to
approximate a common fixed point:

Corollary 6.2. Let C be a nonempty, closed, and convex subset of H. Let S, T :
C — C be quasi-nonexpansive mappings satisfying the condition (4.1). Suppose that
F(S)NF(T) #0. Let {an}, {bn}, and {c,} be sequences of real numbers in [0, 1]
such that ap + by, + ¢, =1 for all n € N, lim,, _,scanb, > 0, and lim,, . a,c, > 0.
Let {\n}, {p,}, {vn}, and {£,} be sequences of real numbers in [0,1] such that
An+po, +vn+E, =1 foralln € N and \,, — 1. Let {un,} be a sequence in H such
that uy, — u (€ H). Define a sequence {x,} in C as follows:

(6.5) 1 =x€C: given,

C1=C,
Yn = Ay + N7,,Sl"n +vpyTx, + gnszn;
1 n—1 1 n—1
X, = OnYn + bnﬁ ; Slxn + cnﬁ ; Tlajny

Cusr = {h € Cu: 11X = B> < an g = BII> + (bu + ca) |l = hI*
Tpt+1 = PC'n+1un+1

for all n € N. Then, {x,} converges strongly to an element uw in F (S)N F(T),
where U = Pp(s)np(T)U.

Proof. At the outset, we verify that (a) C), is closed and convex, (b) F'(S)NF (T) C
C,, for all n € N, and (c) the sequences {z,}, {yn}, {Xn}, and {C),} are properly
defined.

(i) Given z1 € Cy (= C), the elements y; and X; in C and the set C (C C) are
defined following the iterative rule (6.5). In the definition of Cs,

1X1 = hl|* < a1 lyr = AlI* + (b1 + 1) [l21 — A
= 0<ar [y + (b1 + 1) faa | = [ X0l* = 2 (aapn + (b1 + 1) 21 — X3, h).

From (2.5), Cs is closed and convex as Cj is closed and convex. We demonstrate
that F(S)NF(T) C Cs. Let g€ F(S)NF(T)(C Cy). Tt follows from (2.2) that

1X1 = all” = llar (y1 = a) + b1 (21 = @) + e (@1 = q)|I”
< arllyr — ql” + b1 w1 — ql* + 1 [l21 — gl
= ar g1 —al® + (b1 + 1) Jor = qlf”.
This means that ¢ € Cy. Thus, we obtain F (S) N F (T) C C5 as claimed. From
the assumption F (S)NF (T) # 0, Cs is also nonempty. We can thus conclude that
the metric projection P, exists and xo = P, us is defined.

(i) Given z9 € Cq (C C1), two elements y and X5 in C and the set C3 (C Cy C C1)
are defined by the rule (6.5). We can prove that Cj is closed and convex and
F(S)NF(T) c Cs. According to the assumption F (S) N F(T) # 0, C3 # 0.
Therefore, the metric projection P, exists and x3 = Po,ug is defined.

Through a similar analysis, we can ascertain that (a), (b), and (c) hold true.

Our aim is to prove that ||y, — q|| < ||z — ¢|| forallg € F(S)NF (T) andn € N
and that x,, —y, — 0. Choose ¢ € F (S)N F (T) and n € N arbitrarily. As S and
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T are quasi-nonexpansive, it holds that

Hyn —q||
||/\n$n + St + v Tey + €nT2xn - QH
AnllZn = qll + oy, |S0 — gl + v | T2n — gl + €, HTan - QH
Anllzn = all + p 20 = all + vn lln — all + & llzn — 4l
l2n — qll-
Therefore, the part ||y, — q|| < ||z, — ¢|| is proved.
Define u,, = Pc,u € C,. Similar to the proof of Theorem 5.1, we can show
that there exists w € C such that w, — @ and x,, — @; see (5.7) and (5.8). As
{z,} is convergent, it is bounded. As S and T are quasi-nonexpansive, {Sz,} and

{Tx,} are also bounded. Furthermore, {szn} is also bounded. Indeed, as T is
quasi-nonexpansive,

[VARVAN

|22, < || 7220 — g + lal
<|Tzy — gl + 4
< lwn — all +llgll -

As {z,,} is bounded, {T?z,} is also bounded as claimed.
We demonstrate that z,, —y, — 0. As A, — 1, it follows that u,,,v,,&,, — 0.
Therefore,

lzn —ynll = ||xn — (Anzn + Sy + vy Ty + ﬁnszn) ||
< (L= An) lznll + o 1820 || + v [T || + €, HT2an — 0.

From Theorem 5.1, we obtain the desired result. O

For sequences like y, = A\pxy + 1, S0 + v T2, + §nT2mn, see Maruyama et al.
[29], Kondo and Takahashi [24], and Singh et al. [34].

7. CONCLUDING REMARKS

In this study, we investigated iterative scheme generating methods using mean-
valued sequences for finding common fixed points of nonlinear mappings. Our
contributions include enhancements to several results from prior research. This
method is applied for the first time to the Martinez-Yanes and Xu approximation
method. The proposed method can generate various types of iterative schemes,
including two- and three-step iterative schemes.

The key observations and remarks are as follows: First, our analysis highlights
the differences between the shrinking projection method of Takahashi, Takeuchi,
and Kubota (Theorem 4.1) and the Martinez-Yanes and Xu (Theorem 5.1). The
required conditions differ slightly depending on the technical circumstances of the
proofs; see Remark 5.2. Second, Nakajo and Takahashi’s CQ method can be ex-
tended in a similar manner, although this study focuses on the shrinking projection
method and Mann type method. Third, our emphasis is on quasi-nonexpansive and
mean-demiclosed mappings. This class of mappings contains more general types of
mappings than nonexpansive mappings. For further details regarding this aspect,
readers may refer to the Appendix in the work of Kondo [22]. Finally, although
this article addresses common fixed point theorems for two nonlinear mappings, the
methods can be extended to scenarios involving finitely many mappings.
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